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Abstract: The deterministic problem for ﬁnding an aircraft’s optimal risk trajectory in a threat environment has been formulated.
The threat is associated with the risk of aircraft detection by radars or similar sensors. The model considers an aircraft’s trajectory
in three-dimensional (3-D) space and represents the aircraft by a symmetrical ellipsoid with the axis of symmetry directing the
trajectory. Analytical and discrete optimization approaches for routing an aircraft with variable radar cross-section (RCS) subject
to a constraint on the trajectory length have been developed. Through techniques of Calculus of Variations, the analytical approach
reduces the original risk optimization problem to a vectorial nonlinear differential equation. In the case of a single detecting
installation, a solution to this equation is expressed by a quadrature. A network optimization approach reduces the original problem
to the Constrained Shortest Path Problem (CSPP) for a 3-D network. The CSPP has been solved for various ellipsoid shapes and
different length constraints in cases with several radars. The impact of ellipsoid shape on the geometry of an optimal trajectory as
well as the impact of variable RCS on the performance of a network optimization algorithm have been analyzed and illustrated by
several numerical examples. © 2006 Wiley Periodicals, Inc. Naval Research Logistics 53: 728–747, 2006
Keywords: trajectory optimization; optimal path planning; risk minimization; risk of detection; analytical solution; network
optimization; network optimization algorithm; Calculus of Variations; aircraft; radar cross-section

1.

INTRODUCTION

The class of military and civil engineering applications
dealing with optimal trajectory generation for space, air,
naval, and land vehicles embraces several types of problems with a variety of objectives, resource constraints, and
control limitations. Examples include minimizing risk of
aircraft detection by radars, sensors or Surface-to-Air missiles [4, 5, 15–17, 24, 26]; minimizing risk of submarine
detection by sensors [25]; minimizing cumulative radiation damage while passing through a contaminated area;
ﬁnding optimal trajectories for multiple aircraft avoiding
collisions [17, 20]; minimizing propellant consumption by
a spacecraft in interplanetary and orbit transfers [3]; and
minimizing a weighted sum of fuel cost and time cost for
a commercial plane.
This work was supported by Air Force Grant F49620-01-1-0338.
Correspondence to: M. Zabarankin (mzabaran@stevens.edu)
© 2006 Wiley Periodicals, Inc.

A model for optimally routing an aircraft in a threat environment is developed based on speciﬁed mission objectives,
available resources (fuel capacity), and limitations on aircraft control while minimizing the risk of exposure [24].
Despite numerous studies in this area, only a few considered
risk optimization problems with technological constraints.
Zabarankin et al. [26] suggested analytical and discrete
optimization approaches for optimal risk path generation
in two-dimensional (2-D) space with constant radar crosssection (RCS) of the aircraft, arbitrary number of sensors,
and a constraint on path length.
This paper develops a 3-D model for minimizing the risk
of aircraft detection by radars or sensors with variable RCS
of the aircraft. A sensor is an antenna capable of receiving an
isotropically radiated signal from the aircraft. In contrast, a
radar is an antenna capable of transmitting a signal and receiving the signal reﬂected off of the aircraft. Since a radar signal
must suffer a two-way transmission loss whereas a sensor
suffers only a one-way transmission loss, the received signal
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strengths are strongly different functions of range in the two
cases. The model is deterministic and static, since it assumes
no uncertainty in aircraft detection and radar locations and
considers neither aircraft kinematics equations nor parameters for aircraft control during a ﬂight. The risk of detection
is assumed to be independent of aircraft speed. This model,
being an extension of the 2-D problem for minimizing the
risk of detection of the aircraft by sensors [26], considers
• aircraft trajectories in 3-D space;
• variable RCS: an aircraft is modeled by an axisymmetrical ellipsoid with the axis of ellipsoid symmetry
determining direction of aircraft trajectory;
• the risk of detection is proportional to the aircraft’s
RCS and reciprocal to the nth-power of the distance
between the aircraft and a particular detecting installation: n = 2 corresponds to a sensor, and n = 4
corresponds to a radar;
• an arbitrary number of detecting installations;
• a constraint on trajectory length.
The purpose of this model is to analyze the impact of variable RCS on the 3-D geometry of optimal trajectories subject
to a constraint on trajectory length and evaluate performance
of discrete optimization approaches with respect to running
time and accuracy.
Analytic and discrete optimization approaches for solving a trajectory optimization problem are developed within
the framework of the suggested model. Through techniques
of Calculus of Variations, the risk minimization problem
reduces to a nonlinear vectorial differential equation. In the
case of a single radar, we obtain an analytical solution to this
equation expressed by a quadrature. We should note that the
RCS of a real air vehicle is not an ellipsoid, and, as a result,
this model cannot be used for navigation of real aircrafts.
However, to our knowledge, this is the ﬁrst model for avoiding radar detection that takes into account variable RCS and
studies its impact on the geometry of optimal trajectories.
Coupled with the analytical solutions approach, this model
serves as a platform for testing and analyzing the efﬁciency
of the proposed discrete optimization approaches, which then
will be applied to the problem with actual RCS.
The efﬁciency of discrete optimization approaches in optimal risk path planning essentially depends on the type of
risk functionals, technological constraints, and the scheme for
trajectory approximation [24]. Discrete approaches may tentatively be divided into three major categories: gradient-based
algorithms, dynamic programming, and network optimization. Gradient-based algorithms are very efﬁcient when the
risk of detection is determined by smooth analytical functionals. However, gradient-based algorithms most often ﬁnd only
locally optimal solutions when risk functionals are nonconvex. Many of the previous studies on trajectory generation
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for military aircraft are concentrated on feasible direction
algorithms, and dynamic programming [4]. These methods
tend to be computationally intensive and, therefore, are not
well suited for onboard applications. To improve computation time, John and Moore [24] used simple analytical risk
functions. Based on such an approach, they developed lateral and vertical algorithms to optimize ﬂight trajectory with
respect to time, fuel, aircraft ﬁnal position, and risk exposure. Recently, Tsitsiklis [22] and Polymenakos et al. [19]
suggested Dijkstra-like and correcting-like methods for efﬁciently solving a continuous-space shortest path problem
in 2-D plane. To ﬁnd a globally optimal trajectory, they
discretize the Hamilton–Jacobi equation, effectively fusing
analytical and discrete optimization techniques. Kim and
Hespanha considered a continuous shortest path problem
in application to minimum-risk path planning for groups
of unmanned air vehicles (UAVs) [17]. However, their
methods are not intended for solving optimization problems with a constraint on the trajectory length. Zabarankin
et al. [26] demonstrated the efﬁciency of a network optimization approach in solving risk minimization with a constraint
on trajectory length and arbitrary number of sensors in 2-D
space. The main advantages of the network optimization
approach are that among all feasible trajectories in a network, it ﬁnds a globally optimal one; it can be applied
to the case with several detecting installations; it can be
applied to the case with actual nonsmooth RCS. Network
optimization is closely related to mixed integer programming.
Chaudhry et al. applied the latest approach to low observability path planning for a UAV [5]. Also worth mentioning
is the work by Inanc et al. [16], which considered nonlinear trajectory generation methods for UAVs with multiple
radars.
The network optimization approach approximates an
admissible domain for the aircraft trajectory by a 3-D network and represents an aircraft’s trajectory by a path in this
network. The optimal risk path generation problem subject to
a constraint on trajectory length reduces to the Constrained
Shortest Path Problem (CSPP). To solve the CSPP, we suggest the Label Setting Algorithm (LSA) with a preprocessing
procedure [6, 7] and path smoothing. The efﬁciency of the
network optimization approach is demonstrated by several
numerical examples for various ellipsoid shapes, constraints
on trajectory length in the cases of one, two, and three radars.
For the case with a single radar, we compare analytical and
numerical solutions and show that solutions coincide with
high precision. However, it is also known that the CSPP is an
NP-complete problem, and consequently, no exact polynomial algorithms should be expected. Numerical experiments
in a 3-D case show that LSA running time strongly depends
on the shape of the ellipsoid. This phenomenon is analyzed
from an optimization perspective, and an improvement for
the preprocessing procedure is suggested.
Naval Research Logistics DOI 10.1002/nav
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Figure 1.

Ellipsoid shape is deﬁned by parameter κ = b/a.

The paper is organized as follows. Section 2 develops the
3-D model for trajectory optimization with variable RCS subject to a constraint on trajectory length. Section 3 derives the
vectorial differential equation for ﬁnding the optimal trajectory in a general case and obtains an analytical solution to
this equation in the case of a single radar. Section 4 reduces
the optimal path planning to the CSPP and presents the
LSA with the preprocessing procedure and path smoothing.
Section 5 conducts numerical experiments with various ellipsoid shapes and constraints on trajectory length for one, two,
and three radars. Section 6 analyzes the results of the numerical experiments from an optimization perspective. Section 7
discusses numerical results and conclusions. The Appendix
derives the necessary optimal conditions for the calculus
of variations problem with a nonholonomic constraint and
movable end point.
2.

MODEL DEVELOPMENT

In this section, we develop a three-dimensional model that
minimizes the risk of aircraft detection with variable radar
cross-section by radars or sensors subject to a constraint on
the length of the aircraft trajectory.
Suppose an aircraft must ﬂy from point A(xA , yA , zA ) to
point B(xB , yB , zB ) in 3-D space minimizing the cost of
detection by N radars located in the area of interest. We
model the aircraft by an axisymmetrical ellipsoid with the
axes’ lengths a, b, and b. The axis with length a is the axis
of ellipsoid symmetry, which is aligned with the aircraft trajectory. Ellipsoid shape is deﬁned by parameter κ = b/a.
Cases of κ = 1, κ < 1, and κ > 1 correspond to a sphere
and elongated and compressed ellipsoids, respectively (see
Figure 1).
Let vectors r = (x, y, z) and qi = (ai , bi , ci ), i = 1, N ,
determine the position of the ellipsoid geometrical center
and position of the ith radar, respectively. A trajectory of
the ellipsoid’s center determines a path of the aircraft. We
deﬁne a trajectory as a function of its current length s, i.e.,
Naval Research Logistics DOI 10.1002/nav

r(s) = (x(s), y(s), z(s)). Such a parameterization is also
known as the natural deﬁnition of a curve. Vector ṙ(s) =
d
r(s) = (ẋ(s), ẏ(s), ż(s)) determines a direction of the
ds
aircraft trajectory that coincides with the axis of ellipsoid
symmetry. Since (ds)2 = (dx)2 + (dy)2 + (dz)2 , vector
ṙ(s) must satisfy condition ṙ2 = ẋ 2 + ẏ 2 + ż2 = 1. The
length of vector ri (s) = r(s) − qi = (x − ai , y − bi , z −
ci ), denoted by ri (s), deﬁnes the distance from the aircraft to the ith installation (see Figure 2), i.e., ri (s) =

(x − ai )2 + (y − bi )2 + (z − ci )2 .
The RCS of the aircraft exposed to the ith radar at point
(x, y, z) is proportional to the area Si of the ellipsoid’s
projection onto the plane orthogonal to vector ri
RCSi = σi Si ,
where the constant coefﬁcient σi depends on the radar’s technical characteristics such as the maximum detection range,
the minimum detectable signal, the transmitting power of the
antenna, the antenna gain, and the wavelength of radar energy.
The magnitude ofellipsoid projection area is given by the
formula Si = π b a 2 sin2 θi + b2 cos2 θi , where θi is the
angle between vectors ri and ṙ. Based on relation cos θi =

Figure 2. 3-D model for optimal path planning in a threat environment. [Color ﬁgure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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ri ·ṙ
ri 

and using notation κ = b/a, we rewrite the formula for
RCSi as



 2

2κ
a + b2
ri · ṙ 2
2
RCSi = σi π
1 + (κ − 1)
,
2
1 + κ2
ri 
κ ∈ [0, +∞).

(1)

The purpose of representing RCSi in the form of (1) is the
following.
√ Since the aircraft has a limited size, we assume the
value a 2 + b2 (“diameter” of cross-section) to be constant
for all a and b. Hence, the form of the ellipsoid is deﬁned
by ratio b/a, i.e., parameter κ, only. For instance, the case
of κ = b/a = 0 corresponds to a “thickless” needle with
length a, while the case of κ = b/a → ∞ corresponds to
a thickless disk with radius b. Note that the cross-section of
the thickless needle always equals zero, whereas the crosssection of a thickless disk reduces to σi π a 2 | cos θi |, which
is zero only when θi = π2 .
The risk function (also referred to as the cost function)
for detection of the aircraft by the ith radar in free space is
proportional to RCSi and reciprocal to the nth power of the
distance between the aircraft and the ith radar, ri n , see, for
example, [21]. The case of n = 2 corresponds to a sensor, and
the case of n = 4 corresponds to a radar. In general, we have

RCSi /ri  = σi π
n

a 2 + b2
2



2κ
1 + κ2

×

1 + (κ 2 − 1)



ri ·ṙ
ri 

ri n

2
.

√
Since the value of a 2 + b2 is assumed to be constant, term
2
2
π( a +b
) can be omitted, and the risk of detection by the ith
2
installation takes the form

ri 2 + (κ 2 − 1)(ri · ṙ)2
2κσi
. (2)
C(ri , ṙ) =
1 + κ2
ri n+1
We assume that the risk of detection by N radars at point
r = (x, y, z) is the sum of risk functions (2) for all i = 1, N
L(r, ṙ) =

N


(3) along aircraft trajectory with length l, we obtain the total
risk of detection

C(ri , ṙ)

N
2κ 
=
σi
1 + κ 2 i=1

l

F(r, ṙ) =

L (r(s), ṙ(s)) ds.

(4)

0

The risk minimization problem is ﬁnding a trajectory P =
r(s) = (x(s), y(s), z(s)), 0 ≤ s ≤ l, from point rA =
(xA , yA , zA ) to point rB = (xB , yB , zB ) with the minimal risk
of detection subject to a constraint on trajectory length
F(r, ṙ)

min
P

ṙ2 = 1,
r(0) = rA , r(l) = rB ,

s.t.

(5)
l ≤ l∗ .

To solve problem (5), we develop approaches based on
calculus of variations and network optimization.

3.

CALCULUS OF VARIATIONS APPROACH

In this section, we consider the case of a single radar
and reduce the risk minimization problem (5) to a vectorial differential equation to obtain an analytical solution. This
equation represents necessary conditions for a curve that minimizes functional (4) with a movable end point subject to
the constraint ṙ2 = 1. We refer the reader to the Appendix
that derives this equation through techniques of Calculus of
Variations in a general case.
Let function gi be deﬁned by
gi (ri , ṙ, λL ) =



1

ri n−1 ri 2 + (κ 2 − 1) (ri · ṙ)2

+ λL ,
(6)

where λL is unknown constant, and let ġi =

d
g.
ds i

THEOREM 1 (necessary conditions for an optimal trajectory). An optimal solution to optimization problem (5) should
necessarily satisfy the vectorial differential equation
N



σi

i=1

i=1
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ri
− ṙ ġi − r̈ gi = 0,
ri · ṙ

(7)

with boundary conditions


ri 2 + (κ 2 − 1) (ri · ṙ)2
.
ri n+1

r(0) = rA ,

r(l) = rB ,

l ≤ l∗ ,

(8)

(3)

It should be noted that expression (3) is not the probability of detection; it rather deﬁnes a so-called cost function of
detection at a particular point, which coincides with the total
energy received by all the detecting installations. Integrating

and the constraint
φ(ṙ) = ṙ2 − 1 = 0.

(9)

PROOF: The problem (5) is a particular case of the problem (36)–(40) considered in the Appendix. For constraint (9),
Naval Research Logistics DOI 10.1002/nav
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we have ∂φ
= 2ṙ, and, consequently, ∂φ
) ≡ ṙ. Substi(ṙ· ∂φ
∂ ṙ
∂ ṙ
∂ ṙ
tuting the last equality into the general vectorial differential
equation (45), derived in the Appendix, we obtain the vectorial differential equation for ﬁnding an optimal trajectory
r(s), 0 ≤ s ≤ l,



d ∂L
∂L
∂L
= 0.
(10)
−
+ ṙ L − ṙ ·
+ cL
∂r
ds ∂ ṙ
∂ ṙ
2κ
Introducing a new constant λL by relation cL = 1+κ
2 λL and
d
using notations gi = g(ri , ṙ, λL ), ġi = ds g (ri , ṙ, λL ), where
function g(ri , ṙ, λL ) is deﬁned by (6), we obtain the relations

L − ṙ ·

N
2κ 
∂L
+ cL =
σi g i ,
∂ ṙ
1 + κ 2 i=1



N
∂L
ri
d ∂L
2κ 
σ
ġ
−
=
.
i
i
∂r
ds ∂ ṙ
1 + κ 2 i=1
ri · ṙ

r = 0, i.e., the plane passes through the origin of the
system of coordinates and the starting and ﬁnishing
trajectory’s points.
(2) Let (ρ, ψ) be polar coordinates introduced in the trajectory’s plane. Then vectorial differential equation
(7) along with (8) and (9) reduces to a nonlinear ﬁrstorder differential equation with respect to function
ρ = ρ(ψ)


1

ρ n−2 κ 2 (ρψ )2 + ρ 2



∂L
∂L
+ ṙ L − ṙ ·
+ cL
∂ ṙ
∂ ṙ

 
∂L
d ∂L
d
∂L
=
−
−
ṙ L − ṙ ·
+ cL
∂r
ds ∂ ṙ
ds
∂ ṙ


N
N
2κ 
ri
d
2κ 
=
σ
ġ
σi gi
−
ṙ
i i
1 + κ 2 i=1
ri · ṙ
ds
1 + κ 2 i=1

∂L
d
−
∂r
ds



2κ
=
1 + κ2

N

i=1


σi



ri
= 0.
− ṙ ġi − r̈ gi
ri · ṙ

Note that equation (7) and constraint (9) are dependent
in the sense that the scalar product of (7) and ṙ reduces to
N
2
i=1 σi ((1 − ṙ ) ġi − ṙ · r̈ gi ) = 0, which becomes identity
if (9) is satisﬁed.

Differential equation (7) may be solved numerically by
a gradient-based algorithm; however, in this case we are not
guaranteed a globally optimal solution. Deriving an analytical
solution to (7)–(9) with an arbitrary number of radars reduces
to ﬁnding the second integral for equation (7) (the ﬁrst one
is the constraint (9)), which still remains an open issue. The
next theorem formulates necessary conditions for an optimal
trajectory in the case of a single radar.
THEOREM 2 (necessary conditions: single radar). In the
case of a single radar, located at the origin of the system of
coordinates (0, 0, 0), the following statements hold:
(1) An optimal trajectory is a planar curve in 3-D space.
The trajectory’s plane is determined by [rA × rB ] ·
Naval Research Logistics DOI 10.1002/nav

λL ρ 2
(ρψ )2 + ρ 2

= C,
(11)

with boundary conditions
ρ(ψA ) = ρA ,

ρ(ψB ) = ρB ,

(12)

and the constraint on trajectory length
ψB

With these relations, equation (10) reduces to (7):

+

ψA



(ρψ )2 + ρ 2 dψ = l∗ ,

(13)

where λL is an unknown non-negative constant, and
(ρA , ψA ) and (ρB , ψB ) determine points A and B in
polar coordinates, respectively.
PROOF: Since an analytical solution to (7) is derived in the
case of a single radar, without loss of generality, we assume
that the radar is located at the origin of the system of coordinates, that is, (a1 , b1 , c1 ) = (0, 0, 0), r1 = r, and σ1 = 1. In
this case, functions L(r, ṙ), g(r, ṙ, λL ) and equation (7) take
the form

2κ
r2 + (κ 2 − 1)(r · ṙ)2
L(r, ṙ) =
,
2
1+κ
rn+1
1
g (r, ṙ, λL ) =
+ λL ,

n−1
2
r
r + (κ 2 − 1) (r · ṙ)2

 r
− ṙ ġ − r̈ g = 0.
r · ṙ
Producing the vector product of the last equation with the
vector r, we obtain
d
([r × ṙ] g) = 0,
ds
which is equivalent to having the ﬁrst integral
[r × ṙ] g = C,

(14)

where C = (C1 , C2 , C3 ) is a constant vector. Since (r · [r ×
ṙ]) = 0 and g(r, ṙ, λL ) ≡ 0, the scalar product of (14) and r
equals zero
C · r = 0,
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which is the equation of a plane passing through the origin
of the system of coordinates. This means that an optimal
trajectory is a planar curve in 3-D space, i.e., all its points lie
within the same plane. Since points A and B also belong to
this plane, vectors rA and rB must satisfy equation C · r = 0.
Consequently, vector C is parallel to [rA ×rB ], and the explicit
expression for the trajectory’s plane is given by
[rA × rB ] · r = 0,

(15)

In coordinates (ρ, ψ), constraint (9) takes the form
ρ̇ 2 + ρ 2 ψ̇ 2 = 1.


ψA = arccos

hx x + hy y + hz z = 0,



where (hx , hy , hz ) are the components of vector [rA × rB ]
(hx , hy , hz ) = (yA zB − yB zA , zA xB − zB xA , xA yB − xB yA ).
In the trajectory’s plane, we introduce a system of polar
coordinates (ρ, ψ), whose origin coincides with (0, 0, 0).
Let ψ be a counterclockwise angle producing left-handed
screw with the vector [rA × rB ] and counted from the
upper side of the plane xy. We parameterize the trajectory by ρ and ψ. This means that each trajectory’s point
(x(ρ, ψ), y(ρ, ψ), z(ρ, ψ)) should satisfy (15) identically.
Let angles α and β be deﬁned by
cos α = 

sin α = 

hx
h2x + h2y
hy
h2x

+ h2y

,

,

cos β = 

sin β = 

hz
h2x + h2y + h2z

h2x + h2y

h2x + h2y + h2z

,

.

y(ρ, ψ) = −ρ (cos α cos ψ + sin α cos β sin ψ),
z(ρ, ψ) = ρ sin β sin ψ.
Based on these relations, we have

Consequently, (14) reduces to a scalar equation

g(ρ, ρ̇, λL ) =

+ λL .

ρ n 1 + (κ 2 − 1)ρ̇ 2


.

dρ
Let ρψ = dψ
. Solving equations ρ̇ = ρψ ψ̇ and (18) with
respect to ρ̇ and ψ̇, we have

ρ̇ = ± 

ρψ
(ρψ )2 + ρ 2

ψ̇ = ± 

,

1
(ρψ )2 + ρ 2

.

Substituting these formulas into (16) and (17) and combining the last two, we obtain a nonlinear ﬁrst-order differential
equation (11). Since variable s was excluded from (17), the
constraint on trajectory length is expressed by integral (13).
Note that it does not matter what sign we choose for ψ̇ in
ψ̇ = ± √ 1 2 2 , since we can always change the sign of the

Although an analytical veriﬁcation of whether a particular
extremal trajectory minimizes the functional in the case of
a single detecting installation is cumbersome, the graph of
this trajectory immediately reveals what kind of an extremal
it is. Indeed, if the trajectory moves away from a detecting
installation, then it minimizes the risk, while if the trajectory
moves toward the detecting installation, then it maximizes
the risk.

ψ(ρ) = ψA ±
(16)

where C is an unknown constant scalar. Since r2 = ρ 2 ,
function g(r, ṙ, λL ) is expressed by
1

xB sin α − yB cos α
rB 

THEOREM 3 (analytical solution: single radar). An analytical solution to ﬁrst-order differential equation (11) with
conditions (12), (13) is given by the quadrature

[rA × rB ]
.
[rA × rB ]

ρ ψ̇ g = C,

ψB = arccos

,

(ρψ ) +ρ

x(ρ, ψ) = ρ (sin α cos ψ − cos α cos β sin ψ),

2

ρB = rB ,



xA sin α − yA cos α
rA 

constant C in the right-hand side of equation (14) and denote
it by a new constant.


The coordinates (x, y, z) of a trajectory’s points are determined by

[r × ṙ] = −ρ 2 ψ̇

(18)

Thus, equations (16), (17), and (18) form a system of differential equations for ﬁnding functions ρ(s) and ψ(s) with
boundary conditions ρ(0) = ρA , ψ(0) = ψA , ρ(l∗ ) = ρB ,
ψ(l∗ ) = ψB , where (ρA , ψA ) and (ρB , ψB ) are given by
ρA = rA ,

or

733

(17)

ρ
ρA



dτ
(υ ∗ (τ , λL , C))2

− τ2

,

(19)

where υ ∗ (ρ, λL , C) is a positive root of the algebraic equation
(quartic equation)


f (υ) = ρ n−2 Cυ − λL ρ 2 κ 2 υ 2 + (1 − κ 2 )ρ 2 − υ = 0,
(20)
Naval Research Logistics DOI 10.1002/nav
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and unknown constants λL and C are found from the
conditions
 ψB

υ ∗ (ρ, λL , C) dψ = l∗ and ψ(ρB ) = ψB if the
length constraint is active,
(2) λL = 0 and ψ(ρB ) = ψB if the length constraint is
inactive.
(1)

ψA

PROOF: The main technique for solving a ﬁrst-order differential equation analytically is to explicitly express the
derivative of an unknown function. Introducing an auxiliary
function

υ = (ρψ )2 + ρ 2 ,
(21)
we reduce (11) to the algebraic equation (20) with respect to
υ, which is a particular case of the quartic equation
ρ 2(n−2) (Cυ − λL ρ 2 )2 (κ 2 υ 2 + (1 − κ 2 )ρ 2 ) − υ 2 = 0.
Explicit analytical expressions for four roots of any quartic
equation may be represented by Cardan–Ferrari’s formulas.
Suppose that υ ∗ (ρ, λL , C) is a root for (20), then based on
(21), derivative ρψ is expressed by

ρψ = ± (υ ∗ (ρ, λL , C))2 − ρ 2 ,

DETAIL: If there is no constraint on trajectory length,
then λL = 0. Consequently, the only feasible root for (20),
satisfying υ ∗ > 0, is given by

1 − (1 − κ 2 )C 2 ρ 2(n−1)
∗
υ =
.
Cκρ n−2
Substituting the last expression into (19), we obtain a function
ψ(ρ) = ψA ±
whose inverse is (22).
In the case of n = 2, function (22) graphs a circle passing
through the origin of the system of coordinates and points A
1
and B. Figure 3 illustrates function ρ(ψ) = sin n−1 ( (n−1)
ψ)
κ
for parameters n = 4 and κ = 0.5, 1.0, 2.0. Note that if
n > 2, constant C in (22) can be determined only when
πκ
|ψB − ψA | < min{π , n−1
}, otherwise, a solution to (11)–(12)
without constraint (13) will be unbounded.
EXAMPLE 2 (the case of sphere). If the aircraft is modeled
by a sphere, i.e., κ = 1, then an optimal trajectory is presented
by the explicit quadrature
ψ(ρ) = ψA ± C

ρ
ρA

which reduces to a quadrature for ψ = ψ(ρ):
ψ(ρ) = ±



dρ
(υ ∗ (ρ, λL , C))2 − ρ 2

ρ

κ
arcsin Cτ n−1 ρA ,
n−1



τ n−2 dτ
(λL τ n + 1)2 − C 2 τ 2(n−1)

.

(23)

In the case of n = 2, quadrature (23) reduces to the elliptic
sine [26].

+ D.

Boundary conditions ψ(ρA ) = ψA and ψ(ρB ) = ψB are
used to exclude constant D, and the quadrature takes the
form (19).

Quadrature (19) is considered an analytical solution, since
the roots of the quartic equation (20) may be expressed by
Cardan–Ferrari’s formulas analytically. The issue of whether
in the case of a single radar, the functional in (5) achieves
a global minimum at an extremal, as determined by (19), is
beyond the scope of this paper. There are two special cases
when quadrature (19) is simpliﬁed.
EXAMPLE 1 (the optimization problem with no constraint on trajectory length). If the optimization problem does
not have a constraint on trajectory length, then an optimal
trajectory is the Rhodenea (rose function)
ρ(ψ) = C
where D =

κ
n−1

1
− n−1


sin

1
n−1


(n − 1)
(ψ + D) ,
κ

arcsin(CρAn−1 ) − ψA .
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(22)


1 
Figure 3. Function ρ(ψ) = sin 3 3ψ
. [Color ﬁgure can be
κ
viewed in the online issue, which is available at www.interscience.
wiley.com.]
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If λL > 0, then



n−1 

+
 0, n λL n , if λL ∈ λ−
L , λL ,
n−1


C∈ 
 0, min λ ρ + ρ −(n−1) , λ ρ + ρ −(n−1) ,
L A
L
B
A
B
 − +
if λL ∈
/ λL , λL , (24)
and equation (20) has a unique root υ ∗ within interval
[υmin , υmax ], where




υmin = max ρ, C −1 λL ρ 2 + ρ −(n−2) min 1, κ −1 ,
Figure 4. Comparison of optimal trajectories in trajectories’ plane
for the cases with a single sensor (n = 2) and single radar (n = 4)
with the same constraint on the length, l∗ = 3.2. [Color ﬁgure
can be viewed in the online issue, which is available at www.
interscience.wiley.com.]

DETAIL: In the case of κ = 1, the root for (20) is given by

Substituting the last expression into (19), we obtain (23).
Figure 4 compares optimal trajectories with the same constraint on trajectory length l∗ = 3.2 for a “spherical” aircraft
in the cases of a single sensor (n = 2) and single radar
(n = 4). As expected, an optimal trajectory is more sensitive
to a radar than to a passive sensor when in close proximity.
Figure 5a illustrates optimal planar trajectories for a spherical aircraft (κ = 1) for n = 4 with different constraints
on trajectory length, l∗ . In this example, the radar is located
at (0, 0), and all trajectories have the same starting and
ending points: (xA , yA ) = (−0.25, 0.25) and (xB , yB ) =
(1.75, 0.25), respectively. Figure 5c shows the same optimal trajectories for a spherical aircraft (κ = 1) for n = 4
with the same constraints on trajectory length, l∗ , in 3-D
space with (xA , yA , zA ) = (−0.25, 0.15, 0.2), (xB , yB , zB ) =
(1.75, 0.15, 0.2). The radar is located at (0, 0, 0). In the case of
a single sensor, n = 2, the analytical solution for an optimal
trajectory with a constraint on trajectory length is expressed
by the elliptic sine, and similar ﬁgures can be found in [26].
The next theorem provides bounds for a real root υ ∗ and
constant C for calculating (19) and (20).
THEOREM 4 (feasible root for the quartic equation). Let


n−1 n−1
= min
, n
ρAn
ρB



and λ+
L = max




max



C −2 ρ −2(n−1)

+

κ2

− 1, 0




,

(25)


υmax = C −1 κ −1 κλL ρ 2 + ρ −(n−2)


+ Cρ max{1, κ 2 } − 1 .

(26)

PROOF: Bounds for C and a real root υ ∗ are obtained by
analyzing equation (20) with respect to feasibility
of υ ∗ and

positiveness of λL . Using inequality υ = (ρψ )2 + ρ 2 ≥ ρ,

λL ρ n + 1
.
υ =
Cρ n−2
∗

λ−
L

ρ
κ



n−1 n−1
.
, n
ρAn
ρB

or simply υ ≥ ρ, we reduce equation (20) to ρ n−1 (Cυ −
λL ρ 2 ) − υ ≤ 0 or, equivalently, λL ρ n+1 ≥ (Cρ n−1 − 1)υ.
With υ ≥ ρ, the last inequality takes the form
C ≤ λL ρ + ρ −(n−1) .

(27)

Since (27) holds for all feasible ρ, we have C ≤ minρ (λL ρ +
ρ −(n−1) ). Expression λL ρ +ρ −(n−1) is a convex function with
λL − n1
respect to ρ, achieving its global minimum at ρ0 = ( n−1
) .
Consequently, if min{ρA , ρB } ≤ ρ0 ≤ max{ρA , ρB }, then
λL n−1
ρ0 is feasible and C ≤ λL ρ0 + ρ0−(n−1) = n( n−1
) n . If
/ [min{ρA , ρB }, max{ρA , ρB }], then we are not guaranρ0 ∈
teed that in a particular example, function λL ρ + ρ −(n−1)
will achieve its global minimum at ρ0 , since ρ0 may not be
feasible. However, in this case, at least the following weak
estimate holds: C ≤ min{λL ρA + ρA−(n−1) , λL ρB + ρB−(n−1) }.
Based on inequalities υ ≥ 0 and λL ≥ 0, we show that
the constant C isnonnegative. Indeed, rewriting (20) as
ρ n−2 (Cυ − λL ρ 2 ) κ 2 υ 2 + (1 − κ 2 )ρ 2 = υ ≥ 0, we obtain
Cυ ≥ λL ρ 2 , and consequently, C ≥ 0. This ﬁnalizes the
proof of formula (24).
Now we ﬁnd interval [υmin , υmax ] containing a single root
υ ∗ . Expressing λL from (20) and using condition λL ≥ 0, we
derive a lower bound for υ ∗ . Namely, from λL = ρυ2 C −

√ 2 12
≥ 0, we obtain
n−2
2 2
ρ

κ υ +(1−κ )ρ

υ≥

ρ
max{C −2 ρ −2(n−1) + κ 2 − 1, 0}.
κ

(28)
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Figure 5. Analytical trajectories for sphere (κ = 1.0) and elongated (κ = 0.1) and compressed (κ = 2.0) ellipsoids in the case of a single
radar. (a) 2-D, sphere (κ = 1.0), different length constraints; (b) 2-D, sphere (κ = 1.0), elongated (κ = 0.1), and compressed (κ = 2.0)
ellipsoids, same length constraint, l∗ = 3.2; (c) 3-D, sphere (κ = 1.0), different length constraints; (d) 3-D, sphere (κ = 1.0), elongated
(κ = 0.1), and compressed (κ = 2.0) ellipsoids, same length constraint, l∗ = 3.2. [Color ﬁgure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Then
we use upper and lower estimates for

κ 2 υ 2 + (1 − κ 2 )ρ 2 depending on whether
κ ≤ 1 or κ > 1.

2
2
In the case of κ ≤ 1, we have κυ ≤ κ υ + (1 − κ 2 )ρ 2 ≤
υ. With this relation, equation (20) reduces to ρ n−2 κ(Cυ −
λL ρ 2 ) ≤ 1 ≤ ρ n−2 (Cυ − λL ρ 2 ). Rearranging the last
inequalities, we obtain upper and lower bounds for υ when
κ≤1




C −1 λL ρ 2 + ρ −(n−2) ≤ υ ≤ C −1 λL ρ 2 + κ −1 ρ −(n−2) .
(29)
Note that for κ = 1, (29) is an exact value for the root, i.e.,
υ ∗ = C −1 (λL ρ 2 + ρ −(n−2) ).
√
Similarly,
in
the
case
of
κ
>
1,
we
use
κυ
−
ρ
κ2 − 1 ≤

2
2
2
2
κ υ + (1 − κ )ρ ≤ κυ to reduce equation (20) to
Naval Research Logistics DOI 10.1002/nav

√
ρ n−2 (Cυ − λL ρ 2 )(κυ − ρ κ 2 − 1) ≤ υ ≤ ρ n−2 κυ(Cυ −
is simpliﬁed to υ ≥
λL ρ 2 ), where the left inequality
√
ρ n−2 υ(Cκυ − λL κρ 2 − Cρ κ 2 − 1). Consequently, we
obtain


C −1 λL ρ 2 + κ −1 ρ −(n−2) ≤ υ



≤ C −1 λL ρ 2 + κ −1 ρ −(n−2) + Cρ 1 − κ −2 .

(30)

Combining inequality υ ≥ ρ with (28), (29), and (30) for
both cases k ≤ 1 and κ > 1, we obtain (25) and (26).
Finally, to prove that equation (20) has a single root in
the interval [υmin , υmax ], we show that the function f (υ) =
ρ n−2 (Cυ − λL ρ 2 ) κ 2 υ 2 + (1 − κ 2 )ρ 2 − υ monotonically
increases on [υmin , υmax ] and f (υmin ) ≤ 0, f (υmax ) ≥ 0.
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Consider



d
f (υ) = Cρ n−2 κ 2 υ 2 + (1 − κ 2 )ρ 2 − 1
dυ


ρ n−2 Cυ − λL ρ 2 κ 2 υ
+ 
.
κ 2 υ 2 + (1 − κ 2 )ρ 2
For υ ≥ υmin , the ﬁrst term in the right-hand side of the
last equality is always nonnegative because of (28), and
the numerator of the second term is always nonnegative
d
because of (29) and (30). Consequently, dυ
f (υ) is positive on
[υmin , υmax ]. This means that f (υ) is a monotonically increasing function. Since υmin is the maximum of three expressions
in (25), we check the sign of f (υ) for each expression.
The relation f (ρ) = ρ n (C − λL ρ − ρ −(n−1) ) ≤ 0 holds
by virtue of (27).
For υ̂min = ρκ max{C −2 ρ −2(n−1) + κ 2 − 1, 0} we consider two cases. If C −2 ρ −2(n−1) + κ 2 − 1 ≤ 0
(when κ √ < 1) then υ̂min = 0 and f (υ̂min ) =
−λL ρ n+1 1 − κ 2 < 0. If C −2 ρ −2(n−1) + κ 2 − 1 > 0
then υ̂min = ρκ C −2 ρ −2(n−1) + κ 2 − 1 and f (υ̂min ) =
C −1 (C υ̂min − λL ρ 2 ) − υ̂min = −C −1 λL ρ 2 < 0.
−1
2
−(n−2)
min{1, κ −1 }), based
For
 υ̃min = C (λL ρ + ρ
2
2
2
2
on
κ υ + (1 − κ )ρ
≤ υ min{1, κ}, f (υ̃min ) ≤
υ̃min (ρ n−2 (C υ̃min − λL ρ 2 ) min{1, κ}−1) = υ̃min (min{1, κ −1 }
× min{1, κ} − 1) = 0.
Thus, we have shown that f (υmin ) ≤ 0 for υmin =
max{ρ, υ̂min , υ̃min }.
by (25), we use
 In the case of υmax , determined

κ 2 υ 2 + (1 − κ 2 )ρ 2 ≥ κυ − ρ max{1, κ 2 } − 1 to show
that
f (υmax ) ≥ ρ n−2 (Cυmax − λL ρ 2 )



× κυmax − ρ max{1, κ 2 } − 1 − υmax


≥ ρ n−2 υmax C κ υmax − Cρ max{1, κ 2 } − 1

− κλL ρ 2 − υmax = 0.
Consequently, we have proved that f (υmin ) ≤ 0 and
f (υmax ) ≥ 0, which, along with the condition of f (υ)’s
monotonicity on [υmin , υmax ], guarantee existence of only a
single root for f (υ) on [υmin , υmax ].

EXAMPLE 3 (elongated and compressed ellipsoids in
the case of n = 4). Let points A and B have coordinates (xA , yA ) = (−0.25, 0.25), (xB , yB ) = (1.75, 0.25) in
the plane of the trajectory; and coordinates (xA , yA , zA ) =
(−0.25, 0.15, 0.2), (xB , yB , zB ) = (1.75, 0.15, 0.2) in 3-D
space. The radar is located at (0, 0, 0). Figures 5b and 5d compare optimal trajectories for a sphere, elongated (κ = 0.1) and
compressed (κ = 2.0) ellipsoids graphed in both the plane of
the trajectory and 3-D space, respectively. Table 1 presents

Table 1.
2 and 3.
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Minimal risk, λL , C, and C’s estimate (24) in Examples

κ

l∗

Risk

λL

C

4(λL /3)3/4

1.0
1.0
1.0

2.6
3.2
4.0

9.7921
8.4217
7.9662

4.7636
1.0401
0.3007

5.3693
1.7597
0.7121

5.6581
1.8073
0.7126

0.1
0.5
2.0
10.0

3.2
3.2
3.2
3.2

0.4684
3.9807
12.464
14.845

1.4517
1.9934
0.6104
0.1091

2.2828
2.9085
1.1431
0.2515

2.3207
2.9439
1.2117
0.3331

values for the optimal risk, λL , C, and C’s estimate (24) as
functions of κ and l∗ for Examples 2 and 3.
Analyzing optimal trajectories in Figures 5a–d and numerical results in Table 1, we conclude that
• the optimal risk is more sensitive to variation of
the shape of the ellipsoid (parameter κ), than to the
variation of a trajectory’s total length, l∗ ;
• optimal trajectories for different κ (especially for κ >
1) are quite similar, which indicates that variation of
ellipsoid shape has no strong effect on the geometry
of an optimal trajectory;
• when close to an installation, an optimal trajectory is
more sensitive to a radar than to a sensor.
4.

NETWORK OPTIMIZATION APPROACH

The calculus of variations approach reduces optimization
problem (5) to a vectorial nonlinear differential equation (7)
subject to (8) and (9). Obtaining an analytical solution to
this equation in the case of more than one detecting installation is still an open issue. Various gradient-based techniques
are available for solving the equation numerically. However,
regardless of the efﬁciency of those techniques, they provide
only locally optimal solutions.
As a result, we turn to a network optimization approach for
ﬁnding a globally optimal solution. This approach reduces the
trajectory length constrained problem to the CSPP for a 3-D
network. The CSPP can be efﬁciently solved by network optimization algorithms. There are several advantages of using
network optimization: among all feasible approximated trajectories in a considered network, it ﬁnds a globally optimal
one; its complexity (running time in the worst case) depends
neither on the number of installations in a network nor on
power n in the risk functional (2); it can readily be applied
for the case with an experimentally derived RCS (i.e., when
RCS is a nonsmooth function). However, because the CSPP
is NP-complete, no polynomial algorithm solves the CSPP
exactly. This means that in the worst case, the running time
of an algorithm solving the CSPP will exponentially depend
on the number of arcs in a network.
Naval Research Logistics DOI 10.1002/nav
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We assume an admissible deviation domain for the aircraft
trajectory to be an undirected network G = (N , A), where
N = {1, . . . , n} is the set of n nodes, and A is the set of
undirected arcs. A trajectory (x(·), y(·), z(·)) is approximated
by a path P in the network G, where path P is deﬁned as a
sequence of nodes j0 , j1 , . . . , jp such that j0 = A, jp = B
and jk−1 , jk ∈ A for all k from 1 to p.
Several schemes for approximation of optimization problem (5) are available. We consider one of them. Let vector
rjk with components x(jk ), y(jk ) and z(jk ) determine position of node jk . Then a path P = {rj1 , rj2 , . . . , rjp } is a
piece-wise linear curve with vertices at points rjk , k = 1, p.
Any point on the arc jk−1 , jk can be determined by vector
rk (t) = (1 − t) rjk−1 + t rjk with t ∈ [0, 1]. Thus, length
differential ds and derivative ṙ for each arc are
rjk − rjk−1
ds = rjk − rjk−1  dt,
ṙk =
,
k = 1, p.
rjk − rjk−1 

2κ
C(rjk−1 , rjk ) =
1 + κ2

N

i=1


1

σi

Approximating r, Ṙ and ds, we represent functional (4)
and trajectory length by
F(r, ṙ) ≈

p


1

rjk − rjk−1 

L(rk (t), ṙk )dt
0

k=1

=

C(rjk−1 , rjk ),

(31)

k=1

l≈

p


rjk − rjk−1 ,

(32)

k=1

where rjk − rjk−1  and C(rjk−1 , rjk ) are the length and risk
index of the arc jk−1 , jk , respectively. To derive the formula
for C(rjk−1 , rjk ) we compute the risk accumulated along the
arc jk−1 , jk from the ith radar located at qi = (ai , bi , ci ).
Substituting rik (t) = rk (t) − qi into (2), we have


2
rik (t)2 rjk − rjk−1 2 + (κ 2 − 1) rik (t) · (rjk − rjk−1 )

0

=

N
2κ 
σi
1 + κ 2 i=1

dt
rik (t)n+1


2
2
1
li,j
sin2 ϕi,jk−1 jk + κ 2 li,jk−1 cos ϕi,jk−1 jk + t sjk−1 jk
k−1
dt,


2 n+1
2
0
2
2
li,jk−1 sin ϕi,jk−1 jk + li,jk−1 cos ϕi,jk−1 jk + t sjk−1 jk

where

then
1

li,jk = rjk − qi ,

p


sjk−1 jk = rjk − rjk−1 ,

0

f (t) dt ≈

J


(33)

hj f (tj ),

j =1

where hj and tj ∈ [0, 1] are known for any given J . We used
the Gaussian quadrature with J = 16.

and ϕi, jk−1 jk ∈ [0, π] is the angle between vectors rjk−1 − qi
and rjk − rjk−1 (see Figure 6), i.e.,

ϕi, jk−1 jk = arccos


(rjk−1 − qi ) · (rjk − rjk−1 )
.
rjk−1 − qi  rjk − rjk−1 

Figure 6 illustrates a 3-D network for solving the risk minimization problem. The seven-segment trajectory AB is a path
in the vicinity of the ith radar, while sjk−1 jk is the length of
arc jk−1 , jk between nodes jk−1 and jk in this path. Magnitude ϕi,jk−1 jk is the angle between vector rjk−1 − qi and arc
jk−1 , jk directed from node jk−1 to node jk .
Integral (33) can efﬁciently be approximated by a Gaussian
quadrature. If f (t) is a bounded smooth function on [0, 1]
Naval Research Logistics DOI 10.1002/nav

Figure 6. 3-D network for solving the risk minimization problem. The piecewise linear trajectory AB is a path of the aircraft.
[Color ﬁgure can be viewed in the online issue, which is available
at www.interscience.wiley.com.]
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Consequently, through techniques of Calculus of Variations, problem (5) is approximated by
p


min
P

C(rjk−1 , rjk )

k=1
p



s.t.

rjk − rjk−1  ≤ l∗ ,

k=1

rj0 = rA , rjp = rB .

(34)

To formulate (34) as a network optimization problem, let
cjk−1 jk = C(rjk−1 , rjk ),

sjk−1 jk = rjk − rjk−1 ,

and let R(P) and l(P) deﬁne the total cost (risk) and weight
(length) accumulated along the path P, respectively,
R(P) =

p


l(P) =

cjk−1 jk ,

p


k=1

sjk−1 jk .

k=1

Then each arc jk−1 , jk ∈ A is assigned length sjk−1 jk and
nonnegative cost cjk−1 jk . The path P is weight feasible if it
satisﬁes l(P) ≤ l∗ . Consequently, the CSPP is to ﬁnd such a
feasible path P from point A to point B that minimizes cost
R(P), i.e.,
min
P

s.t.

p


cjk−1 jk

k=1
p


sjk−1 jk ≤ l∗ .

(35)

k=1

The CSPP in the form of (35) is also referred to as the
weight constrained shortest path problem (WCSPP) [6, 7],
which under the assumption of cost and weight integrality, is
known to be NP-complete. The WCSPP is a special case of
the Resource Constrained Shortest Path Problem (RCSPP),
which uses a vector of weights, or resources, rather than scalar
weight. For the relation of the WCSPP to other similar network optimization problems, see [7]. Algorithms for solving
the CSPP are divided into three major categories: LSAs based
on dynamic programming methods; scaling algorithms; and
algorithms based on the Lagrangean relaxation. A LSA is the
most efﬁcient algorithm when the weights are positive [8].
A Lagrangean relaxation algorithm is based on subgradient
optimization [2] and cutting plane [13] methods and is efﬁcient for solving the Lagrangean dual for the CSPP in the case
of a single resource. Scaling algorithms use two fully polynomial approximation schemes for the CSPP based on cost
scaling and rounding [14]. The ﬁrst scheme is a geometric
bisection search whereas the second one iteratively extends
paths. We solve the CSPP (35) by the LSA with a preprocessing procedure [7] and path smoothing. The pseudo-codes for

Figure 7.

Path smoothing.

the LSA and the preprocessing procedure for the RCSPP, i.e.,
for the case of several resources, can be found in [7].
Path smoothing means that in a path, we choose only those
arcs which produce the angle with a preceding arc not greater
than α (see Figure 7). This constraint can be imposed for
modeling turning rate limits of a real aircraft. Moreover,
path smoothing signiﬁcantly reduces the number of treated
labels in the LSA. Given two arcs jk−1 , jk and jk , jk+1
in a network, the path smoothing is expressed by inequality
ejk−1 jk · ejk jk+1 ≥ cos α, where eij is the unit vector along
arc i, j .
5.

NUMERICAL EXPERIMENTS

Let network G be a 3-D grid of nodes of size nx × ny × nz
with edges oriented along coordinate axes x, y, z and having
nx , ny , and nz segments in each edge, respectively. To avoid
“naive discretization,” sometimes referred to as the digitization bias [22], we assign not only axis and diagonal but also
so-called “long-diagonal” arcs connecting opposite vertexes
of any two neighbor cubes. The structure of arcs assigned in
the 3-D network is shown in Figure 8. The total number of
nodes and arcs in the undirected G with this structure are
|N | = (nx + 1)(ny + 1)(nz + 1),
|A| = 2(49 nx ny nz − 8 nx ny − 8 nx nz
− 8 ny nz + nx + ny + nz ) ∼ O(|N |3 ),
for nx ≥ 1, ny ≥ 1, and nz ≥ 1. Similarly, in the 2-D
case, the network G is a 2-D grid of nodes of size nx × ny
with edges oriented along coordinate axes x, y and having
nx and ny segments in each edge, respectively. The structure
of arcs assigned in 2-D network is shown in Figure 9. The
2-D network is a special case of 3-D one with nz = 0 and
contains (nx + 1)(ny + 1) nodes and 2(8 nx ny − nx − ny )
arcs, nx ≥ 1 and ny ≥ 1.
Nodes of the 3-D network are associated with integer vectors (i, j , k) forming a 3-D integer grid. The set of arc weights
(lengths) in the grid
the √
structure of arcs as shown
√ with
√ √
in Figure 8 is {1, 2, 3, 5, 6, 3}. In numerical experiments, arc weights were approximated by integers {1000,
1414, 1732, 2236, 2449, 3000}. In assigning real arc length,
Naval Research Logistics DOI 10.1002/nav
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Figure 8. Structure of arcs in every node in a 3-D network. [Color ﬁgure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

all these values are scaled by an appropriate coefﬁcient
depending on actual size of a network. Finding a constrained
shortest path in a network with the integer lengths of arcs is
approximately 1.5 times faster than that with real lengths of
arcs. However, because of the integer approximation of arc
weights, the actual weight of a constrained shortest path in
the network may be slightly greater than an assigned weight
constraint, while the corresponding optimal risk value may be
lesser than that obtained by the analytical solutions approach.
Numerical experiments were conducted on four sets of data.
Set 1 is a 2-D network with a single radar; Set 2 is a 3-D
network with a single radar; Set 3 is a 3-D network with two
radars; and Set 4 is a 3-D network with three radars (see
Table 2). In all data sets, the risk of detection (33) is calculated only for radars, i.e., for n = 4. In the 3-D case, the CSPP
is solved by the LSA with and without path smoothing. In all
numerical experiments with the path smoothing, α = π6 . A
PC with Xeon 3.08 GHz and 3.37 Gb of RAM was used.
We calculate constrained shortest paths for different ellipsoid shapes (parameter κ) and length constraints, l∗ , and
compare optimal values of the risk with those obtained analytically. The following parameters are analyzed: number of
nodes left after preprocessing, Nprep ; cost upper bound in preprocessing, U ; preprocessing time, Tprep , in seconds; number
of labels treated in the LSA, Nlabels ; and running time of the
LSA, TLSA , in seconds. In the 3-D case, we analyze the impact
Naval Research Logistics DOI 10.1002/nav

of path smoothing on LSA running time. Table 3 presents
numerical results of 2-D and 3-D network optimization for
different values of parameter κ, length constraints l∗ , in the
cases of one, two, and three radars.
Figures 10a–d compare analytical and discrete optimization trajectories with the following parameters:
(a) 2-D space; n = 4; κ = 1.0; l∗ = 2.6, 3.2, 4.0.
(b) 2-D space; n = 4; κ = 0.1, 1.0, 2.0; l∗ = 3.2.

Figure 9. Structure of arcs in every node in a 2-D network:
“1,” axis arcs, “2,” diagonal arcs, “3,” long diagonal arcs.
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Data sets for numerical experiments.

Graph parameters

Set 1, 2-D

Set 2, 3-D

Set 3, 3-D

Set 4, 3-D

Size of the network
n x × ny
Left-bottom corner
Length of axis arcs
Number of nodes
Number of arcs

2.3 × 2.3
46 × 46
(−0.55, 0)
0.05
2,209
33,672

2.3 × 1.0 × 1.25
46 × 20 × 25
(−0.55, 0, 0)
0.05
25,662
2,213,062

2.3 × 1.0 × 1.25
46 × 20 × 25
(−0.3, 0, 0)
0.05
25,662
2,213,062

2.3 × 1.0 × 1.25
46 × 20 × 25
(−0.1, 0, 0)
0.05
25,662
2,213,062

(−0.25, 0.25)
(1.75, 0.25)
(0, 0)
—
—

(−0.25, 0.15, 0.2)
(1.75, 0.15, 0.2)
(0, 0, 0)
—
—

(0, 0.5, 0)
(2, 0.5, 0)
(1, 0, 0)
(0.5, 1, 0)
—

(0, 0.75, 0)
(2, 0.75, 0)
(1, 0, 0)
(0.5, 1.25, 0)
(1.5, 1, 0)

Point A
Point B
Radar 1
Radar 2
Radar 3

(c) 3-D space; n = 4; κ = 1.0; l∗ = 2.6, 3.2, 4.0.
(d) 3-D space; n = 4; κ = 0.1, 1.0, 2.0; l∗ = 3.2.
The smooth curves are the optimal trajectories obtained by
the analytical approach and the piece-wise linear curves are
those obtained by solving the CSPP. The analytical and corresponding discretely optimized trajectories are very close to
one anther, clearly validing both approaches.
Figures 11a–d illustrate discrete optimization trajectories
in 3-D space with two and three radars for the following
parameters: n = 4; l∗ = 3.2; κ = 0.1, 1.0, 2.0. Of course,
there is no analytical result for these cases to compare with,
but the trajectories are similar in appearance to those obtained
for a single radar and clearly exhibit risk avoidance.
6.

ANALYSIS OF NUMERICAL RESULTS

Analyzing the results presented in Table 3 and Figures
10a–d and 11a–d, we make the following conclusions:
• Optimal trajectories obtained by analytical and discrete optimization approaches are very close which
validates both approaches.
• For all tested values κ and length constraints l∗ , path
smoothing substantially reduces running time, see
Figure 12a. The difference in risk values for optimal
paths obtained with and without smoothing is negligibly small. Moreover, in most cases corresponding
optimal paths coincide.
• LSA running time, TLSA , is very sensitive to the shape
of ellipsoid, for instance, in the case of a single radar
and same length constraint, l∗ = 3.2, running time
for κ = 10 is about 1000 times greater than that for
κ = 0.1.
• In the case of a single radar, the optimal risk increases
with parameter κ; however, in examples with two and
three radars, the optimal risk for a spherical RCS
is greater than that for elongated and compressed

•
•

•

•

ellipsoids. Thus, in the case of several radars, a
sphere, being uniformly exposed to all radars, may
accumulate the greatest total risk along a trajectory.
TLSA strongly depends on a path length constraint, l∗ .
There is no strong correlation between TLSA and the
number of radars. Depending on ellipsoid shape it
may decrease (κ = 1.0), increase (κ = 2.0), or vary
(κ = 1.0).
Running time of the preprocessing procedure is about
2% of the total computational time and indicates no
predictive power for TLSA .
In examples with several radars, optimal trajectories
with the same constraint on the length but different
ellipsoid shapes are relatively close to each other,
which suggests that in general, ellipsoid shape has no
strong effect on the geometry of an optimal trajectory.

Figure 12a shows TLSA as function of κ for the 3-D network
with a single radar with and without the network smoothing. In the case of very elongated ellipsoids (ellipsoid with
κ = 0.1 is almost a needle), the excessive TLSA can be
explained by lowest risk accumulations in directions radial
to a radar, which are the ones producing greatest total lengths
from point A to point B. This complicates comparison of
labels in risk minimization, while balancing length constraint.
This idea is supported by the fact that in generating an optimal
trajectory for a compressed ellipsoid with κ = 10.0, TLSA is
merely several seconds. In this case, because of compressed
geometry (for instance, a disk ﬂying along its axis of symmetry), the risk of detection accumulates slower in directions
transverse to a radar and those direction are the ones producing lowest total lengths from point A to point B. It is worth
mentioning that for small values of κ, the path smoothing
reduces TLSA more efﬁciently.
Figure 12c illustrates TLSA as function of treated labels,
Nlabels , for a 3-D network with a single radar and various κ and
l∗ with and without smoothing. TLSA almost linearly depends
on Nlabels . Figure 12b shows strong correlation between
Naval Research Logistics DOI 10.1002/nav
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1.0
1.0
1.0
0.1
0.5
2.0
1.0
1.0
1.0
0.1
0.5
2.0
0.1
1.0
2.0
0.1
1.0
2.0

1
1
1
1
1
1
2
2
2
2
2
2
3
3
3
4
4
4

2.6
3.2
4.0
3.2
3.2
3.2
2.6
3.2
4.0
3.2
3.2
3.2
3.2
3.2
3.2
3.2
3.2
3.2

l∗

9.7921
8.4217
7.9662
0.4684
3.9807
12.464
9.7921
8.4217
7.9662
0.4684
3.9807
12.464
—
—
—
—
—
—

Risk
91.34
91.34
35.69
15.94
66.84
12.86
91.34
91.34
8.902
15.94
66.84
12.97
3.086
15.37
7.536
19.37
28.74
22.26

U
837
1260
1703
1281
1265
764
11518
22521
21175
22598
22553
15543
20342
19267
15968
20766
19660
18377

Npr
0.359
0.313
0.500
0.484
0.329
0.547
9.516
14.234
18.031
16.094
14.875
22.187
16.547
12.766
16.828
14.718
16.641
15.625

Tpr

Preprocessing procedure

9.9838
8.5042
8.0045
0.4882
4.0638
12.519
10.251
8.5252
8.0410
0.5547
4.1109
12.530
0.9219
4.8911
4.3208
1.6353
9.0731
8.6230

R
0.0080
0.0005
0.0067
0.0010
0.0068
0.0042
0.0002
0.0020
0.0003
0.0013
0.0037
0.0011
0.0012
0.0007
0.0007
0.0001
0.0010
0.0010

l∗ − l
85,461
224,524
423,056
329,517
292,594
60,619
1,936,613
6,644,608
8,066,613
9,930,869
8,427,875
2,529,266
9,993,019
6,737,166
3,617,699
7,898,013
5,623,460
3,982,280

NL

Label-setting algorithm (LSA)
TLSA
0.61
2.05
4.75
3.64
2.92
0.41
766
6598
7253
11520
9069
1220
9838
5392
2011
6733
3999
2286

Results of numerical experiments in solving the CSPP.

10.251
8.5263
8.0415
0.5566
4.1232
12.530
0.9230
4.8914
4.3300
1.6398
9.0943
8.6230

R

0.0002
0.0036
0.0019
0.0008
0.0014
0.0002
0.0007
0.0007
0.0022
0.0001
0.0030
0.0009

l∗ − l

1,080,091
4,841,651
6,849,799
5,262,314
5,091,681
2,015,458
6,428,635
5,095,577
2,818,012
5,296,123
4,413,319
3,155,044

NL

LSA with path smoothing

299
4287
5937
5066
4715
846
5557
3708
1335
4056
2916
1634

TLSA

Note. “Set” is the number of data set; κ = b/a is the ratio of ellipsoid axes; l∗ is the constraint on path length; “Risk” is optimal value of the risk obtained analytically; Npr is
number of nodes left after the preprocessing; Tpr is running time of the preprocessing in seconds; R is the risk of an optimal path; l∗ − l is the difference between the constraint
on path length and the length of an optimal path; NL is the number of labels treated in the LSA; TLSA is running time of the LSA in seconds.

κ

Set

Parameters

Table 3.
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Figure 10. Comparison of analytical (smooth) and discrete optimization (piece-wise linear) trajectories for sphere (κ = 1.0) and elongated
(κ = 0.1) and compressed (κ = 2.0) ellipsoids in the case of a single radar. (a) 2-D, sphere (κ = 1.0), different length constraints; (b) 2-D,
elongated (κ = 0.1) and compressed (κ = 2.0) ellipsoids, same length constraints, l∗ = 3.2; (c) 3-D, sphere (κ = 1.0), different length
constraints; (d) 3-D, elongated ellipsoid (κ = 0.1), length constraint l∗ = 3.2. [Color ﬁgure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Nlabels and the number of labels left after the preprocessing,
Npr , plotted for all κ and l∗ in the case of a single radar.
Based on results presented in Table 3, cost upper bounds
are not close enough to optimal values of the risk obtained
analytically. Obviously, the closer the upper bound, U , is to
the optimal cost, the fewer number of labels, Nlabels , will be
treated. This fact suggests developing preprocessing procedures for obtaining more accurate cost upper bounds. Such
procedures may be based on Lagrange relaxation [7, 13, 14].
7.

CONCLUSIONS

We have developed a three-dimensional deterministic
model for routing an aircraft with a variable radar crosssection in a threat environment. The threat is associated with
the risk of detection by active radars or passive sensors. To

investigate dependence of the risk of detection on variable
RCS, we have modeled the aircraft by a symmetrical ellipsoid
with the axis of symmetry aligned with the aircraft trajectory. The model considers that the risk of detection is the
sum of risks from all installations in the area of interest,
where the risk to be detected by a particular installation is
proportional to the area of ellipsoid projection and reciprocal to the nth-power of the distance between the aircraft and
this particular installation. We have developed analytical and
discrete optimization approaches for solving the risk minimization problem with variable RCS and arbitrary number
of detecting installations subject to a constraint on trajectory
length.
The analytical approach, based on calculus of variations,
has reduced the optimization problem to solving a vectorial nonlinear differential equation. In the case of a single
Naval Research Logistics DOI 10.1002/nav
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Figure 11. Optimal trajectories in the case of two and three radars for compressed ellipsoid (κ = 2.0), sphere (κ = 1.0) and elongated
ellipsoid (κ = 0.1) with the same length constraint, l∗ = 3.2. (a) 2 radars; (b) 2 radars, front view; (c) 3 radars; (d) 3 radars, side view. [Color
ﬁgure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

installation and arbitrary ellipsoid shape, an analytical solution to the differential equation has been expressed by a
quadrature. From numerical experiments based on analytical
solutions, we have concluded that
• the optimal risk is more sensitive to the variation of
ellipsoid shape than to the variation of trajectory total
length;
• optimal trajectories for different κ (especially for
κ > 1) are close to each other, which indicates that
a variation of ellipsoid shape has no strong effect on
the geometry of an optimal trajectory;
• when close to an installation, an optimal trajectory
is more sensitive to a radar than to a sensor, and
in regions remote from the installation the effect is
opposite.
The network optimization approach has reduced the risk
minimization problem to the CSPP. To solve the CSPP, we
have suggested the LSA with a preprocessing procedure and
Naval Research Logistics DOI 10.1002/nav

path smoothing. The path smoothing has been imposed as
a necessary constraint for modeling turning rate limits of
an aircraft. We have tested the algorithm for various ellipsoid shapes, various constraints on trajectory length and
with one, two and three radars. Based on results of discrete
optimization, we have made the following conclusions:
• In the case of a single radar, all optimal trajectories
obtained by the discrete approach for various κ and l∗
are sufﬁciently close to the corresponding analytical
trajectories;
• The path smoothing signiﬁcantly reduces LSA running time, while preserving accuracy of optimal
trajectories;
• LSA running time is extremely sensitive to the shape
of the ellipsoid;
• In all examples, ellipsoid shape has no strong effect
on the geometry of an optimal trajectory;
• Algorithm running time strongly depends on the
trajectory length constraint.
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Figure 12. (a) Dependence of LSA running time on the shape of ellipsoid, κ (3-D network, single radar): curve “1,” no smoothing, curve
“2,” smoothing is used; (b) number of labels treated versus number of nodes left after preprocessing (3-D network, single radar): curves
“1” and “2” correspond to LSA with and without path smoothing, respectively; (c) LSA running time versus number of labels treated: 3-D
network, single radar. [Color ﬁgure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

APPENDIX
Minimization of a Functional with Nonholonomic
Constraint and Movable End Point:
Necessary Conditions
In this section, we derive necessary conditions for minimization of a functional with a nonholonomic constraint and a moveable end point. These
conditions are expressed in the form of a vectorial nonlinear differential
equation, which plays a central role in solving optimization problem (5) in
the case of a single detecting installation. Consider the following problem
of Calculus of Variations
min (r, ṙ, l),
r

(36)

A functional has an extremum at extremal r∗ , if its total variation at r∗
equals zero. Note that variations δx, δy, and δz are dependant by virtue of
nonholonomic constraint (39). Moreover, minimization of functional (37)
subject to constraint (40) is the problem with the movable end point, r(l).
This means that variation of the curve length, δl, is not zero.
We apply the Lagrange multiplier method to problem (36)–(39).
Conl
straint (40) will be discussed later. Let (L, φ, λ, l) = 0 (L(r, ṙ) +
λ(s)φ(ṙ))ds be a Lagrangian for (36)–(39). By deﬁnition, the variation of
the Lagrangian is expressed by

l

δ =
0

l

(r, ṙ, l) =

L(r(s), ṙ(s))ds,

(37)

0

r(0) = r1 ,

r(l) = r2 ,

(38)

φ(ṙ(s)) = 0,

(39)

l ≤ l∗ ,

(40)

where r(s) = (x(s), y(s), z(s)) and Ṙ(s) = (ẋ(s), ẏ(s), ż(s)).

(δL(r, ṙ) + λ δφ(ṙ) + φδλ)ds + (L + λ φ)|s=l δl



∂L
∂L
∂φ
· δr +
· δ ṙ + λ
· δ ṙ + φδλ ds + (L + λφ)|s=l δl
∂r
∂ ṙ
∂ ṙ
0


!
l  ∂L
d ∂L
d
∂φ
=
−
−
λ
· δr + φδλ ds
∂r
ds ∂ ṙ
ds
∂ ṙ
0


!

∂L
∂φ
+
+λ
· δr  + (L + λφ)|s=l δl,
∂ ṙ
∂ ṙ
s=l
=

l
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 ∂L ∂L ∂L 
∂L
where
= (δx, δy, δz), δ ṙ = (δ ẋ, δ ẏ, δ ż), ∂L
∂r = ∂x , ∂y , ∂z and ∂ ṙ =
 ∂L ∂Lδr ∂L
.
Note
that
δr|
,
,
=
0,
since
l
is
varied,
and
s
=
l
is
no
longer
s=l
∂ ẋ ∂ ẏ ∂ ż
a boundary point. Based on boundary conditions (38), the variation δr at the
starting and ﬁnishing points s = 0 and s = l + δl, respectively, should be
zero, i.e., δr(0) = 0 and δr(l+δl) = 0. The last condition is used to calculate
the variation δr at s = l. Namely, from δr(l + δl) ≡ δr(l) + ṙδl = 0, we
obtain δr(l) = −ṙδl. With the last equality, the variation δ takes the form
l

δ =
0



∂L
d ∂L
d
−
−
∂r
ds ∂ ṙ
ds





∂φ
λ
∂ ṙ

· δr + φδλ ds

+ L + λφ −

∂L
∂φ
+λ
∂ ṙ
∂ ṙ



!

· ṙ 

δl.
s=l

Since constraint (39) is relaxed, all three variations δx, δy and δz are independent. Consequently, the necessary conditions for an extremum, i.e., δ = 0,
reduce to constraint (39) and equations
∂L
d ∂L
d
−
−
∂r
ds ∂ ṙ
ds
and


L−

∂L
∂φ
+λ
∂ ṙ
∂ ṙ


λ


∂φ
∂ ṙ

!

· ṙ 


= 0,

(41)

= 0.

(42)

s=l

Vectorial equation (41) has the ﬁrst integral. Indeed, consider the scalar
product of (41) and ṙ




∂L
d ∂L
d
−
−
∂r
ds ∂ ṙ
ds

λ

∂φ
∂ ṙ


· ṙ = 0.

Note that the left-hand side of this equality is a total differential. Thus,
integrating the last expression, we obtain
L − ṙ ·



∂L
∂φ
− λ ṙ ·
= C,
∂ ṙ
∂ ṙ

(43)

where C is an arbitrary constant.
Based on (43), the Lagrange multiplier takes the form

λ(s) =

L − ṙ ·

∂L
+ cL
∂ ṙ

" 

∂φ
ṙ ·
,
∂ ṙ

(44)

where cL = −C. Substituting (44) into (41), we obtain the following
vectorial differential equation
∂L
d
−
∂r
ds

∂φ

∂L
+ ∂ ṙ∂φ
∂ ṙ
ṙ · ∂ ṙ


L − ṙ ·

∂L
+ cL
∂ ṙ


= 0.

(45)

Equation (45) along with the nonholonomic constraint (39) and boundary
conditions (38) is the necessary condition for an extremum. Note that equations (45) and (39) are dependent in the sense that the scalar product of (45)
and ṙ reduces to r̈ · ∂φ
∂ ṙ = 0, which is the differential for (39).
In the case when constraint l ≤ l∗ is active, i.e., l = l∗ , the length of a
trajectory is ﬁxed, and therefore, the variation δl should equal zero by deﬁnition. Consequently, in this case, equation (42) is excluded from determining
an optimal trajectory. If constraint l ≤ l∗ is inactive, then from (42) and (43)
we obtain cL = 0.
An extremal r∗ solving (45), (38), and (39) either minimizes or maximizes functional (37). Sufﬁcient conditions for r∗ to minimize the functional
require the second variation of (L, φ, λ∗ , l) at r∗ to be greater than zero.
Consideration of this issue is beyond the scope of this paper.
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