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ments in the portfolio. These scenarios are
then used to test the performance of various
decision rules, usually using an ad hoc
. approach. A typical decision rule is the so.
called constant proportIon
ru Ie, t hat rebalancesthe portfolio at each decision moment
in order to maintain a constant allocation of
resourcesacrossdifferent assetclasses.Cairns,
Blake, and Dowd [2000] use simulation to
compare the choices available to a pension
I
b
h .
f
.
P an mem . er
. at t e,tIme 0 retIrement.
...
TraditIonally, m a multIpenod settIng,
stochastic differential equations are used to
solveassetallocationproblems;see,for instance,
Merton [1971, 1993], Milevsky [1998], and
Cairns, Blake, and Dowd [2000]. These
approaches,which lead to analytical solutiollS,
usually study relatively simple strategies(e.g.,
constantproportion) under restrictive assumptions, such as that the dynamics obey geometric Browning motion.
Much more advanced strategies use
stochastic programming approaches.ExampIesinclude Carino et al. [1994], Dert [1995,

1998], Boender, Van Aalst, and Heemskerk,
[1998], and Kouwenberg [2001]. Implemen-

.

f suc h mo de Ishas expan de d grea dy; see
Ziemba and Mulvey [1998]. Censor and
Zenios [1997] and Zenios [1999] surveylargescale asset/liability applications to portfolio
management.
In a stochastic programming approach,
one either transforms the set of sample paths
ratIon

.,

0

,

mto a scenarIotree, or generatesa scenarIotree
direcdy using appropriately chosen (conditional) distributions for each exogenous random variable in the problem. The problem is
then formulated as a stochasticprogramming
. programmlng
. approach
problem. A stochastIc
can find a strategy that is superior to a strategy found using the ad hoc approach,sincethe
latter allows for far fewer possibledecisionsat
each decision moment.
Although stochasticprogramming techh
b
d
full .
.
mques ave
. .een use success ..y m several
ALM applIcatIons,they are not WIdely usedm
financialpractice.There areseveralreasonswhy.
First, sophisticatedstatisticaltechniquesneed to
be applied to transform a set of simulatedsampIe pathsinto a scenariotree. Second,a scenario
tree exhibits exponential growth of the number of nodes as the number of decision
moments increases,which can produce a very
largedecisionproblem. Finally,when the extent
of the scenariotree is limited, the resulting tree
may not be stochastic enough to describe a
realistic and diverserange of uncertain behavior of the system.
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57

We consider an intermediate setting between the ad
hoc approach and stochastic programming. This setting
was first proposed by Hibiki [1999, 2000] for portfolio
optimization problems. Here we extend this approachto
ALM problems and combine it with a risk management
technique using conditional value at risk (CVaR) constraints(seeRockafellar and Uryasev [2000, 2001]). Optimization is performed using a set of samplepaths,thereby
eliminating the need to construct a scenariotree.
To allow for a broader decision spacethan that traditionally used,we allow different decisionsto be madefor
different bundlesof samplepaths, where samplepaths are
bundledtogetheraccordingto somecriteria. Then the same
optimal decisionsaremade for bundles (or groups)of sampIe pathsthat exhibit similar performance characteristics.
Samplepathsarebundled to avoid solutions that can
be anticipated (as in the scenario tree approach), and at
the sametime to dramaticallylimit the number of decision
variables.! The dimension of the problem thus increases
linearly with the number of bundles and the number of
time periods. This is an improvement over exponential
growth of problem sizeunder the stochasticprogramming
approach.
The proposed approach can be viewed as a
simplification of stochasticprogramming that imposesthe
samedecisionsfor many scenarios.This simplificationmakes
the models easierto solve,and in a way is more intuitive.
The idea of using a decision variable independently
of scenariosis not new in financial modeling. Financial
models based on string (linear) scenario trees instead of
event trees have been suggestedby Hiller and Eckstein
[1993] and Zenios [1993]. Our advanceis that we consider
decisions on bundles of samplepaths.
We show that, with sucha structure and suitablerisk

Our numerical experiments are conducted using a
setof samplepathsfor liabilities and assetreturns for a pension fund in The Netherlands. This set of sample paths
was generated at ORTEC Consultants, B.Y, using its
simulation-baseddecision support systemfor asset/liability management for pension funds.
The researchis designedasa feasibility study to test
new optimization techniqueswith CVaR risk constraints
in a dynamic setting.Practicalrecommendationson investment decisions are beyond its scope.
We have shown that the technique is stable ~nd
robust, allowing for the solution of large-scaleproblems
with a long investment horizon. It can be implemented
relatively easily in a realistic investment environment.

measures,it is possibleto formulate and solvethe problem
using linear programming techniques. We use the fact
that incorporating CVaR constraintsdoesnot destroythe
linear structure of a model (seeRockafellar and Uryasev

decision is made on the value of contributions to the fund
and on portfolio allocations,both basedon the stateof the
pension fund at that particular time. We simplify the notation for the moment by suppressingrandomness:

[2000,2001] ). This quality is an important advantageof
CVaR asa risk measurein optimization settings,but there

At = value of all assetsowned by the fund at time t (ran-

are severalother reasonsto use CVaR asa risk measure.
CVaR is a subadditive measure of risk (seePflug

dom variable);
Wt = wages earned by active members at time t (ran-

[2000] and Rockafellar and Uryasev [2000', 2001]) That
is, diversification of a portfolio reducesCVaR. Moreover,

THE PENSION FUND PROBLEM
Basic Framework
We consider a pension fund that conducts activities
as follows: 1) collection of premiums from the sponsor
and/ or the active employees;2) investment of available
funds;and 3) paymentof pensionsto retired employees.The
fund usesan assetmanagementstrategy(asetofinvestment
rules) so that, at each decision moment, the total value of
all assetsexceedsthe liabilities of the fund (which is actually a measureof the fund's future streamof liabilities) with
high certainty, and at the sametime tries to minimize the
contribution rate by the sponsorand active employeesof
the fund. The problem consistsof setting, at eachdecision
moment, a suitablecontribution rate and a suitableinvestment strategyfor the funds availableto the pension fund.2
We denote the time horizon by T, and denote the
set of decision moments by t = 0, ..., T. At eachtime t a

Yt

dom variable);
rate, i.e., premium paid by the spon-

= contribution

CVaR is a coherent
measureof risk in the senseof Artzner
et al. [1999]. The coherency of CVaR was first proved

sor and/or active employee as a fraction of (a
suitable part of) their wages at time t (decision

by Pflug [2000]; see also Acerbi, Nordio, and Sirtori
[2001], Acerbi and Tasche [2001], and Rockafellar and

variable);3
.et = payments made by the fund to retirees at time t

Uryasev [2001].
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= money

x
n,t

r
n,t

invested in asset n at time t (decision
variable);
= return on investment in asset n at period t
(random variable); and

Valuesof If' > 1 often are used to add some extra
safetymargin to the constraint. For example,a value of If'
= 1.2 would give an extra margin of 20% of the value of
liabilities.In principle, one could imaginethat the constraint

liabilities) of the fund at time t (random variable).

be impossible,or at the very leastbe expensive,to ensure
that the liability constraintsare met for all possiblefuture
outcomes. Therefore, this constraint is relaxed, and we
would like to find a solution with a sufficiently high probability of meeting the liability constraintswhile keeping
costsat a reasonablelevel.

= liabilities (i.e.,a measureof the streamof future

Lt

In addition, let h(Yl' ..., yy) denote a measureof the
costs of the pension fund. This could be the averageof
contribution rates, or the present value of all contributions YtWt, Furthermore, we assumethat h(Yl' ..., Yy) is
linear in Yt and non-decreasing in Yr At each decision
moment, the balance equation holds:
N

(y) shouldbe satisfied
with probability1.0,but it will often

Conditional

Value at Risk

When Equation (4) is violated, we saythat we have

L

= At

Xn,t

+ WtYt- it

t

= 0, . . . , T -

1

(1)

n=O

a loss,or thatthepensionfund is undeifunded.
As a measure
of this loss,we usethe difference between the right-hand
side and left-hand side in (4):4

which equates the sum of all investments, 1:~ = oXn,t'
to assets,At' plus contributions, Wtyt' minus liabilities,
ft. The sum 1:~=Oxn,t-l

invested at time t-l

results

N
f1f;(x;r,L)

= 'ljJL

- L(l

in the value of all assetsat time t:
N

At

= L Xn,t-l(l

+ rn,t).
f1f;(x;r,L)

At eachtime period t = 1, ..., 1; we wantwith high
certainty to satisfythe liability constraints:
N

L

Xn,t-l

(5)

Hence, (4) could be replaced with:

n=O

At =

+rn)xn

n=O

~ 0 with high certainty.

(6)

Let P be the joint probability measureof the vector (1;L), and denote by <I>'I'(~;
x) the cumulative probability distribution of the loss, given x:

(1 + r n,t) ~ Lt with high certainty.

n=O

(2)

We consider the problem of minimizing

<I>1f;(x,
()

= Pr(f1f;(x;r, L) :::; ()

=

costs of the

fund:

r

P(dr, dL)

Jf.p(XjT,L)~'

minimize

h(Yl, . . . , Yr)

(3)

which by definition is the probability that the lossfl/f(x;1;L)
doesnot exceeda threshold value ~. Now, if a is a confi-

subjectto 1) balanceand 2) liabilityconstraints.

dencelevelthat (6)is not violated,the inequalityin (6)can

The ratio of assetsto liabilities, AtiLt' is usually
referred to asthefunding ratio of the pension fund. A target funding ratio of If' can easily be incorporated by

be expressedasfollows:
(, (x) < 0
a,1f;-

replacing constraint (2) by

where

N
At

(a,1f;(X) =

(7)

min{(ER:<I>1f;(x,()~a}.

= L Xn,t-l(l + Tn,J?:1f;Ltwith high certainty. (4)
n=O

The value'

\I'(X) is called the a-value at risk (aa'T

VaR) and constraint (7) means that the loss in at least
FALL 2001
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(

100a% of outcomes must be below or equal to 0 (note
that, in general, this threshold level may be chosen to be
different from 0). VaR is a widely used risk measure,but
it hasseveralnotable drawbacks,including:
1. It does not take into account lossesexceedingVaR.
2. It may provide an inconsistent picture for various

confidencelevels.5

For i = 1, ..., I, let us denoteby ri, Li, a sampleof
realizations of (1; L) from the probability distribution
function P. As is shown by Rockafellar and Uryasev
[2000, 2001], constraint (8) can be replaced by the system of linear constraints

( +

3. It is not subadditive, i.e., diversification of the portfolio may increasethe risk.
4. It is non-convex, which resultsin computationally
difficult, for risk management.

1

I

:}:= zi

~

(9)

W

1(1 - a) i=l
N
:}:=(l + r~)xn - (

~

zi

(10)

n=O
These disadvantagesare not shared by the closely
related conditional value at risk (CVaR), which is the
weighted averageof VaR and the lossesexceeding VaR.
Denote the conditional expectation of all lossesstrictly
exceeding VaR by <Pa",,(x)+
(where it is supposed that
there are lossesstrictly exceeding VaR). CVaR is then
defined asfollows:
a,1/J(x

</>

) = -\ ( a,1/J(x ) + (1 - -\) </>a,1/J( x )+ .

-\ = (1- a)-l «l>1/J(x,
(a,1/J(x))- a) E [0,1].

Note that, when the distribution of the losseshas

This is in generalnot the casewhen the distribution is discrete (or is approximated by a discrete distribution using
sampling of scenarios).CVaR is convex, which makesit
possible to construct efficient algorithms for controlling
CVaR.
It is easyto seethat CVaR alwaysexceedsor equals
VaR (i.e., CVaR ~ VaR). Therefore, we could replace (7)
by the CVaR constraint
(8)

for some w. With w = 0, we have a risk constraint that
dominates(i.e., is strongerthan) the a-VaR constraint (7).
Using a negative w would tighten the constraint further,
while a positive w would relax it.
60
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where Zi, i = 1, ..., I, are dummy variables. If constraint
(9) is activeat an optimal solution, the correspondingoptimal value of" ifit is unique will be equal to VaR. If there
are many optimal values of ", then VaR is the left endpoint of the optimal interval. The left-hand side of

Objective Function and Optimization

Problem

The asset/liability model is defined by the balance
constraints (1) and the risk constraints (9) and (10) that
are imposed at each time t. The risk constraints are

imposedfor groupsof samplepaths.

continuousdensity,A = 0,and we have <Pa",,(x)+= <Pa",,(x).

W

i

inequality (9) will be equal to CVaR.

That is, it is a weighted averageof VaR and the conditional expectation of lossesstrictly exceedingVaR, where
the weight equals

</>a,1/J(x)~

z

The objective function of the model is defined asthe
expected present value of the contributions to the pension fund, i.e., we want to minimize the total cost of funding the pension fund, subject to balance and safety
constraints. The problem is solved using formal optimization algorithms.
We develop a more elaborateversion of this model
aswell, where we define approachesfor modeling of uncertaintiesand the structureof solution rules.A formal description of the problem formulation is included in the appendix.
MODELING

OF UNDERLYING

STOCHASTIC

VARIABLES AND DECISION RULES
The text describes in a non-quantitative way our
approach for modeling uncertainties and decision rules.
A formal description of the mathematical model is in
the appendix.

ASSET/LIABILITY
MANAGEMENT
FORPENSION
FUNDS
USINGCVAR CONSTRAINTS
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There are several ways to model dynamics and
uncertainty. The most popular approach is to use simulation and to generatemany samplepaths (scenarios)that
representpossible future statesof the system.The finan-

path, we have full knowledge of the future until time T.
The simplest way to avoid anticipativity is to make one
single decision at eachtime t for all paths.This meansthat
the valuesof the decision variablesare independent for all

)

cial industry mostly usesthe simulation approach,where
decision rules are specified for choosing the contribution
rate and investment strategy.Then, the parametersof the
decision rules are adjusted, using trial and error, to provide a satisfactory solution to the problem.
The most typical decision rule is the "fixed-mix
strategy." This rule leads to non-convex optimization
problems, so only a few researchersapply optimization

path realizations at a given time. This is the basisof current samplepath-basedapproaches.
We relax this approach,without introducing anticipativity, by making the samedecision at some time for all
samplepaths in a particular bundle ofsamplepaths. We allow,
however, for the presenceof multiple bundles of sample
pathsat eachtime. This approachis inspiredby ideasdeveloped for portfolio optimization by Hibiki [1999, 2000].

t

techniquesto this problem; see,e.g., Mulvey et al. [1995].
Alternatively, the set of sample paths can be converted into a scenario tree. Such a conversion lets us use
the well-developed stochastic optimization theory to
make optimal decisions (for a description of the basic
stochastic programming technology, see Ermoliev and

We consider two models that will lead to linear
optimization problems: the fixed-value andfixed-quantity
models. In the fixed-value model, the dollar value of the
positions held in each of the assetswill be the samefor
all scenarios in a given bundle. In the fixed-quantity
model, the number of sharesof eachassetwill be the same

Wets [1988], Prekopa [1995], and Birge and Louveaux
[1997]). For multistage models, conversion of the set of
sample paths to a scenario tree can lead to significant

for all scenariosin a given bundle. Hibiki [1999, 2000]
refers to the fixed-quantity caseas "fixed-amount"; we
haverenamedthis caseto avoid confusion,becauseamount

methodological and computational difficulties. The scenario tree increasesvery rapidly in size for multistage

can refer to both quantity (of shares)and a dollar amount.
Like Hibiki [1999, 2000] in the caseof portfolio allo-

problems, easilyexceedingthe capacitiesof even the most
advancedcomputational resources.This forcesmultistage
models to limit the number of scenarios,which in turn
severelylimits the possibility of reflecting the rich randomnessof the actual dynamic stochasticprocesses.
Neither of thesesolutions is very satisfying.We use
an alternative approach laid out by Hibiki [1999, 2000]
for portfolio allocation problems. This setup uses
simulation samplepaths, yet leadsto linear models and a
rich decision space, unlike other sample path-based
approaches that lead to non-convex multi extremal
problems (like the constantproportion rule). We combine
this approach with CVaR risk management techniques.
We consider aT-period model where time ranges
from t = 0, ..., T, and decisions are taken at times t = 0,

cation problems, we find that the fixed-quantity model
leadsto solutions for the ALM problem for pension funds
that are superior to the solutions produced by the fixedvalue model. We thus presentthe mathematicalmodel for
the fixed-quantity case,and discussits performancein several settings. For the fixed-value case,we limit ourselves
to a discussionof the numerical results.
The fixed-quantity approach can be implemented
in various frameworks. Using a stochasticprogramming
approach, Consiglio, Cocco, and Zenios [2001] consider
the fixed-quantity models for the insurance industry.

I)

i

i

~

I
~

;

..., T -1. Randomnessin the model is expressedby I sampIe paths spanning the entire horizon from t

t

To avoid anticipativity of solutions, the samedecisions are made simultaneously for many sample paths. For

= T. Each path reflects a sequenceof possible outcomes

reasons of comparison, we examine the extreme case
where the samedecisionsare made for all samplepaths at
a given time; i.e., at each time there is only a single bundle of samplepaths.

,

for all random parametersin the model. The collection
of equally probable samplepaths gives a discrete approximation of the probability measureof the random variabIes(t; ~ L, f).
Ideally, one would like to make different decisions
for every path at every time t = 1, ..., T -1, but this would

solutions.After a high observedreturn on investments,we
would need to contribute more than necessaryto cover

!

lead to undesirableanticipativityin the model. This is

liabilities,sincethe samecontributionswould alsohave

!

I
I

r-

= 0 until

Structure of Decision Rules:
Grouping of Sample Paths

causedby the fact that, once we start following a specific
FALL 2001

Such an approachmay lead to very conservative

to cover the liabilities for the caseof low returns.

.,
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For a more flexible control strategy,we group sampIe pathsinto different bundlesat eachtime, and make the
same decision for all paths in each node. At time t, we
group the paths in Kt groups, or bundles, for t = 1, ..., T
- 1. Paths that are in two different groups at time t can
passthrough the same group at either earlier or later
times (or both). Also, paths that passthrough one node
at time t do not necessarilypassthrough the samenode
at any other time. Exhibit 1 illustrates this setup.
There is a lot of flexibility in grouping the paths.
Besideshaving to decidehow many groups to haveat each
time, we should also decide how to allocatepathsto these
groups.The ideais to group pathsinto bundlesthat require
similar decisions.Since the funding ratio is a single quantity that characterizesthe health of the pension fund, this
seemsa reasonablemeasureto use for grouping. A high

This approach could be employed in an iterative
fashion-namely, by using the optimal strategyfor a given
grouping to reestimatethe funding ratios, which can then
in turn be used to regroup the samplepaths. Application
of this method is beyond the scope of this study, and is
left for future research.Our numerical experiments show
that this method for grouping according to the funding
ratio leadsto reasonableresults.

funding ratio may allow one to invest in risky instruments
or to demand a lower contribution from the fund's sponsor and activemembers.A low funding ratio may meanthat
the fund is in dangerof violating its liability constraints.This
meansthat an increasedcontribution rateprobablyis needed.
It seemsintuitive that scenarioswith similar funding ratios call for similar optimal decisions,and can therefore be grouped together. Unfortunately, the funding
ratio is a result of a particular strategy,and cannot therefore be computed a priori. We have chosen to first solve
the problem using only a single bundle at each time
period. Further, we use the obtained solution to calculate the funding ratio (for each path at each time), and
group paths in bundles.

the end of every time period this investment must cover
the value of future liabilities in the <x-CVaR sense.
Paymentsare made to retirees, and a contribution to the
fund is made.
In this model, we fix the number of sharesin each
instrument for all pathsin a single group (bundle) at each
moment. In this case,the total value of all sharesto be purchasedmight not be equal to the total availablewealth,
i.e., there is a balancing problem.
For example, consider two different paths, say,j and
j, belonging to the samegroup at time t. In both paths,
the portfolio should be adjusted to hold the samenumber of sharesin two assets,for instance,in asset1 and asset
2. The total value of these sharesmay be different in
both paths becauseeach path hasits own history of asset
returns up to time t.

EX H

I BIT
1
Grouping of Paths into Bundles at Each Time t

Path3
!

...'..

..
..'0
.

!

r
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0

:

:
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amount availablefor investment in one or both paths.We
have chosen to addressthis by allowing the difference to
be madeup by additional (positiveor negative)investments
in cash.
Hibiki [1999] chooses the cash position as the
path-dependentvariable.The idea of using cashasa pathdependent variable has been considered by Hiller and
Eckstein [1993] for bonds and Zenios [1993] for mortgagecashflows. Here, we include two different cashpositions in the model. Strategic investments in cash, as one

of the asset categories, are made using a number of
s?arest~at is constant for all.paths in a single group at a

,-

~

For each bundlethe same decisionis taken.

Under the fixed-quantity rule, a position in an asset
is representedby the number of shares(i.e., the quantity).
The model considersI different samplepaths (realizations)
for times t = 0, ..., T. At the beginning of eachtime period
t = 0, ..., T- 1, an investmentdecisionis made,and at

This clearly is not a problem, but the total value of

Path2

..

Model

the sharesto be purchasedmay not coincide with the total

1

.
"

Fixed-Quantity

,Time.

smgle tIme. We also have mclude a path-dependent
deviation from this fixed quantity, to account for excess
or shortage wealth.
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The path-dependent variable can take
positive or negative values. This is consistent
with other ALM models. In Kouwenberg

[2001],for example,the borrowing of cashis

EX

2

H I BIT

Average Monetary

Proportions

of Instruments

100%

Dataand Computational
Resources

~ o;..~

~..~

~

.~...;...~

~;o

TIm.
One decision is made for all sample paths at each time (the same number of shares for all sample

The data set of sample paths was genpathsat eachtime).Themonetary
portfoliocomposition
differsbetween
paths.
erated at ORTEC Consultants, B.V:, for a
pension fund in The Netherlands. It includes
5,000 sample paths for a time horizon of lOA
full list of variables is in Exhibit A in the appendix.
years. Each sample path consists of returns for 12 finanWe implement the model using the CPLEX callable
cial assets, wages for the active members, payments to
library. All computations are made on an ffiM Power 3 node
be made each year, and future liabilities.
with two processorsand 512MB of RAM (CPLEX usesone
The asset categories are: 1) cash Netherlands, 2)
processor, up to 256MB of RAM). The computation time
commercial paper (CP) Netherlands, 3) CP U.S., 4) CP
for the problem with 1= 5,000 (number of scenarios), N
Japan,S) CP U.K., 6) bonds emerging markets, 7) equity
= 3 (number of instruments excluding cash), and T = 1{)
Europe, 8) equity U.S., 9) equity Japan, 10) equity U.K.,
11) equity emerging markets, and 12) private equity. To
simplify interpretation of the results, we have mostly limited ourselves to a subset of four asset categories: cash

(number of periods) is about three hours.
To limit the computation time, we use a subset of
2,000 scenarios. Although in our numerical example we
mostly considered N = 3, the model canhandlequite a high

Netherlands, CP Netherlands, equity Europe, and equity
emerging markets. The objective is to provide a qualitative assessmentof our model and approach, and the simplified portfolio
makes it easier to grasp the basic

number of assets,as the number of constraints, the number of variables, and the computation time remain relatively
constant as long as N « I.

characteristics of the modeling approach.
Some of the model parameters are: 1) a target

funding ratio of 1JI = 1.2; seeEquation (5) andEquation

One Decision

at Each Moment

First, we considerthat the contribution rate and

constraint a

(A-4) in the appendix; 2) a confidence level in CVaR
= 0.95; see Equation (8) and Equation (A-

portfolio allocation (number of shares) are the same for
all sample paths at each time t = 1, ..., T - 1. The con-

S) in the appendix; 3) an upper bound in the CVaR con-

tribution

straints set to Wt= 0, for all momentsand all nodes;see

dependon time, but do not dependon the samplepaths.

rate and (strategic) portfolio

allocation

thus

Equation (8) and Equation (A-5) in the appendix. This
means that we limit the expected value of the worst 5%
underperformances to be 20% over the future value of
the liabilities (i.e., the outcome of L). All monetary values are scaled so that Ao = 1; see balance Equations (1)

Although the number of shares invested in each instrument does not depend on the particular sample path that
occurs, the actual monetary portfolio composition may
differ for various paths because of different prices of the
instruments along different paths, and because of the

and (A-2).

FALL 2001
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over time, while the number of underfundings
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constant. At the same time, the expected value
of the underfundin
gs increases.6

w e

-no -40%
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dynamlcs

In addition,
Exhibit
3 shows that VaR (the
~ in the model) moves away from zero
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in funding ratios between the different paths
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continues,

ratio is just below

is 1.13, and the highest is
and in year 9 we actually

the funding

ratio is below

1

.

occur mcreases as we 11.
In a sensitivity analysis of the model with

respect to

thefundingratioparameter1/',we varytheparameter
from

seem to be
veryparameter
similar. As1/'expected,
a higher contribution
value of the
funding
ratio
leads to higher

Funding Ratio

VarianceofjiJnding ratio incre~eswith time, CVaR ~onstrai,nt
limits left
tail of distribution,which remainsat 1/1= 1,2for all tImepenods,

rates. Calculations show that parameter
used to ad.ust the wealth of the fund.
9
Grouping

additional
wealth

investment

in cash to compensate

levels within
Exhibit

portfolio

a given group

2 illustrates

of s~~ple

the compOSitIon

(average monetary

proportions)

for different
paths.

as a fun~tion

On average, more than 84% of the strategic
to bonds (CP Nether~a~ds),

the remaining

are allocated

Europe,
strategic

funds

and equity

emerging

to eqUitIes

markets).

cash (cash Netherlands)

.
of

po~twh.ile
(~qUity

The allocatIon

to

is close to zero. There

is a tendenCy to increase the allocation

in equities over time

of Sample

although

1/' can be effectively

Paths

The strategy does not depend
pIe path,

of a tyPiCal

folio funds is allocated
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times. In year

e

1.0 to 1.4. Exhibit 5 shows the effect of changing 1/' on the
contribution
rate. The contribution
rates for different 1/'

~

time.

h

(0.3% of the 2,000 paths). So, while the average funding
ratio increases over time, the Probability that very bad cases

- .Time 5

.~ 03
~

t

is concentrated

1.4, but the lowest value found

observe sample paths where

0"

,

1.42. By year 5, the average funding

Fixed Allocations
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Almost 90% are found in the interval 1.20 to
1.25; the lowest value is 1.18, and the highest

1.69. This pattern
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,

funding
Ex

er

on the realized sam-

the actual decisions

do change with

time. To obtain strategies that adapt to particular
faced by a fund as measured by the funding

situations

ratio, we group

sample paths in eight groups at each time.
Grouping
the algorithm.

significantly

improves

For the fixed quantity

the performance
model

with

ing, we reduce costs by about 50% from the cost with
decision at each time; see Exhibit
in this graph
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without grouping, and the third set representsthe fixedquantity model with grouping. Three cost values are
presentedin Exhibit 6: net presentvalue of contributions
to the fund, averagepremium, and contribution rate asa
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The first set of bars in Exhibit 6 represents the
0,
fixed-value model. This model is very similar to the fixedquantity model, but insteadof fixing the number of shares, ~
we fix the monetary valuesinvested in each instrument. E
c
Becausethe fixed-value model significandyunderperforms 8
'5
the fixed-quantity model, we omit the model details,but
~

J

we include data on this model for the purposes of

0,15

01

0

comparison in Exhibits 6, 7, and 9.
The dynamics of the contribution rates for the
different modelsarepresentedin Exhibit 7. Again, we note
that the fixed-valuemodel considerablyunderperformsthe
fixed-quantity model. The contribution rate in the fixedquantity

model

with

grouping

is lower

than

the

contribution rate in the fixed-quantity model without
grouping. In the caseof grouping, the contribution rate
is calculated asthe weighted averageof the contribution
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fixed-quantity model with grouping is presented in Exhibit
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Initial Portfolio for Three Models
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Fixed-quantity modelwith groupinghas the highestexposureto equities,about 13%. All portfolioshavemorethan 90% of investmentsin bonds.

A

P PEN D I X
M th
t IM d I
a ema lca
0 e

1= numberof paths;
N = number of assets;
T = numberof time intervals;

This appendix fonnally presentsthe fixed-quantity model
with CVaR constraints.We consider the model with grouping

Y = discount facto~ for contrib~tions in the future;
Wt= CVaR constraInt level at tIme t;

o

!

of sample paths. A special case of this model is a model without

grouping, i.e., the samedecisionis taken for all pathsat eachtime.

a;

k(i, t)

= confidence

= function

level in CVaR;

returning the node (i.e., group number)

through which, at time t passesthe i-th sample path;

Notation
Parameters (typical parameter values are included in
Exhibit A):
I
j

Ao

= total

= set of all nodes at time t;
~k = set of paths i that passnode k at time t;
tlow= lower bound on cashpositions;
v = upper bound on the relative position of an assetin
Kt

the portfolio (0 ~ v ~ 1);
initial value of all assets;

W0 = total initial amountof wages;
10= initial payments made by the fund;
p 0 = initial market price of assetn (scaledto 1 for all
n.

assets);
Po= scalefactor that translatesthe initial cashposition

~low= lower bound on the position of instrument
n,t

n at time

t;

~uP= upper bound on the position of instrument n at time
n,t
t.
'

y = lower bound on contribution
y = upper bound on contribution

rate; and
rate.

into monetary value (set to 1, for simplicity);

II' = lower bound for funding ratio; typical value for'll is
around 1 or higher;
II'end= lo,,:er bound for funding ratio at the last time
penod;
FALL 2001

Random data:

-

p~t = market price of assetn for period t 1 to t in path i;
P: = equivalent of a market price for cashat time tin
path i. This is a conversion factor that converts the
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,-

cash position variables C;oand f into a monetary value;
Li
liability measurethat should be met or exceededby

=
t

-

.I'Li
'I' t

the total value of all assetsin the fund at time t in

N

~ pi ck(i,t-1)-

L.,., n,t"0,t-1
n=O

Pi~i
t t-1..t- ;-k(i,t-1) <
-

(A-4)

path i;

1:

= payments of the fund

at time t in path i; and

z:, Vi,t = 1,...,T

W: = total wagesat time t in path i.
Decisionvariables:

(f +

y~= contribution rate at time t in node k;

1
(1-

L

k

z;

.$:

(A-5)

a)IVi-11
iEVt~l

~n, = total quantity (i.e., number of shares)of assetn (n =
t

-- 1,..." T k E K t-1

Wi, t

0, ..., N) at time t in node k;
fo = additional amount of cashowned at time 0;

f: = amount

of cash owned at time t in path i;

~=dummy variable that approximates <x-VaR in the
optimal solution at time t for the decisionmadeat
node k;

z: = dummy variables associatedwith the <x-CVaR constraint at time t and in path i;
qi = amount of money borrowed at time T

-

1 I T-1 Wi k(i,t)

I

~

L.,., (1 + ,)t
0=1t=1

1 I
>"1

tYt

qi

[?= (1+-;:;;)T

N

L p~,Tf.~~:11)+ pfrTlr-1+
WI L
It

Problem

?; 'l/JendL!r,Vi

+

p;Tf ?; 0, k E Kt, t = 1,..., T -1

(A-7)

(A-l)

(A-8)

N

-Pn,of.n,o $:
v

L Pm,of.m,o,Vn

(A-9)

m=O
'N
~ Pi ck(i,t)
L.,., m,t..m,t
m=O

.!
p i ck(i,t) <
V n,t..n,t
-

(A-10 )

Vi, Vn,t= 1,...,T-1

1 I
Bi
+ >"2[?= (1 + ,)T

0=1

Bi

iEVtk

1

First, we formulate the problem. Then, we comment each
expression.

WOYO
+ - ~ ~

(A-6)

1 in path i;

and

minimize

?; 0, Vi

n=O

B' = size ofunderfundings at time Tin path i.
Formulation of the Optimization

p!rflr-1 + qi

0=1
clow <
- ck

..n,t

..n,t

<
-

cup
..n,t

subject to

t=O,...,T-l.

(A-ll)

1./

vn, k E K t

N

L Pn,of.n,o+ Po,OTo=

Ao-10 + WOYO

(A-2)

0 .$: z:, Vi, t = 1, ..., T

(A-12)

0

(A-13)

n=O

N
ck(i,t-1»)
~
i ( ck(i,t) - ..n,t-1
L.,., Pn,t ..n,t

+ Pti (Tti -

i
Tt-1

)

n=O
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(A-3)
T low

=

.$: TO

<
-

Tt,i

1./'

vl,

t = 1,..., T -, 1

(A-14)

WtYt
i k(i,t) - Zt,
i t = 1,..., T - 1,vl
1./.
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~

qi, 'v'i

(A-1S)

relative position in each assetcan be limited to v(O ~ v ~ 1) of
the total portfolio value with the constraints (A-9) and (A-l0).
The value v = 1 implies that we have no bounds on the

0 <
-

ni , 'v'i

(A-16)

relative positions. The absolute positions are handled by the
constraint
(A-ll). on Cash Positions. Similar to the other assets,
Constraints

(A-17)

the size of the cashposition could alsobe limited. In particular,
we do not allow any borrowing at time 0 [constraint (A13)],
since borrowing should only be usedto compensatefor the dif-

(A-18)

ferencesamong the samplepaths in the samegroup. Imposing
a lower bound on cashpositions could reflect the impact of regulations [constraint (A-4)]. We allow borrowing in all paths,

0

Yo is free

~ ~ yf

~ Y

t = 1,..., T - .1
. k
'v'z, E Kt

(f

but limit the expected value of the cashpositions to be no less
than zero [constraint (A-8)]. This meansthat on averagewe do

is free, t = 1,.. ., T, k E Kt

(A-19)

,

!

i

Objective. The objective function

(A-i)

consists offour

terms. The first term equals the initial contribution, and the
second term equals the expected present value of the contributions to the pension fund. The third term is the expectedpres-

not borrow.
Constraints on Contribution Rate. We also place limits
on the rates of contributions from wages of active members;
see, (A-18). The upper bound is denoted by y, and the lower
bound is denoted by

I.

ENDNOTES

:'

ent value of the loans at the end of the investment horizon. This

term is included to ensure that all borrowed money is repaid

for providing a data set of samplepaths for a pension fund used

:'

at the end of the investment horizon.
The final term is the expected present value of the
underfundings at time T, i.e., the model penalizescaseswhere

in this study.
1A sample path completely describesfuture events; the
optimal solution for a particular sample path should not

we have lesswealth than the required leve11flend4. This term
is included to prevent end-of-horizon effects.
Investment Balance. Constraints (A-2) and (A-3) are
balanceequations constraining the amount of money available
at the end of a period, plus additional contributions and minus
payments, to be equal to the money available at the beginning
of the next period.
CVaR Constraints on Wealth. We have one CVaR constraint for each node, and accordingly one auxiliary variable ~;
for eachnode k at each time t. If the CVaR constraint is active,
the optimal value of the variable Ik will be equal to (X-VaR for

"anticipate" (use information about) future events.

l

i
!

r

'

the appropriate node! In each node k and at each time t, the value
.
.
of the investmentsmust meet the requIredlevel 1fI~1 In an
-CVaR
(A
4)
d
(A
5)
Th
di
.
al
<X
sense; see
,an
-.
e con non expected
al
fl
di
h V R 1 1 t'k .
.
v ue 0 ossesexcee ng tea
eve"l
IS constralne d by t he
CVaR bound WI in (A-5).

-
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Typical Parameter Values

# of paths
# of assetcategories
(exceptcash)
Iength 0f illves
.
t
th .
men orlzon
conlidenceIeveI

Parameter Value
2000
N
3

'I
-,

,.c.

lower bound on funding ratio
lower bound on funding ratio at horizon

1.3

penalty coefficientfor loansat hori~on

Al

1

A2
WI, 'it

.}
0

rlow
v

0
0.2

f.~":f' 'in, 'it
f.:~ , 'in, 'it

1)
00

y

-0.2

lower bound on position in an asset
upper bound on position in an asset

required leve11flenhi.The value Bi is included in the objective

lowerboundon contributionrate

function

upper bound on contribution rate

to prevent undesirable end-of-horizon

effects.

Constraints on Positions. The model allows for
constraining both the absolute and relative position sizes.The
FALL 2001

1.2
0.15

lower bound on cashpositions
upper bound on the relative position in an asset

End-oj-Horizon
Effects. Bi in (A- 7) measures a shortage
of wealth in path i at time T when the wealth is below the

!/I

.

'Y

Constraint

= T.

0 95

presentvaluediscountfactor
penalty coefficientfor underfundingat horizon
CVaR constraint level

(A-6) ensures that qi represents the value of the

10

a
!/I.nd

Terminal Loans. At the end of the investment horizon
(i.e., when t = T), all borrowed money must be repaid.

borrowed cashposition at time t

T

b
f d
numeronoes

.

W

0.3

IKt,vI '"' t

8
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2We consider the defined-benefit pension scheme.

3A decision variable can be a constant or a stochastic
function, depending upon the underlying stochastic variables.
4The notation suppresses
the dependenceof the variables
on time for simplicity, but the function and most of the
variables in fact depend on t.
5For example, for one confidence level, an equity may
be a dominant contributor to portfolio risk, and for another confidencelevel, the dominant contributor may be a bond (aninterest rate or credit risk).
6Recall that underfunding means that the value of the
fund is lower than IIItimes the liabilities. Ifill> 1, this can still
mean that we are not truly underfunded, but only that we are
not meeting our target funding ratio.
7(X-VaR equalsthe smallestoptimal value if the solution

'7 is not

unique.
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