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CASE STUDY: VaR vs Probability Constraints (pr_pen, var_risk) 

Background 

This case study demonstrates the equivalence between chance constraints and VaR constraints, as 
explained in Sarykalin et al. (2008). Several engineering applications deal with probabilistic constraints 
such as the reliability of a system or a delivery system likelihood to meet a demand. In portfolio 
management, often it is required that portfolio loss with high reliability should not exceed some value. In 
these cases an optimization model can be set up so that constraints are required to be satisfied with some 
probability level rather than almost surely. Chance constraints and VaR (percentile) constraints are 
closely related. We will illustrate numerically the equivalence of the constraints: 
 

𝑃𝑟�𝐿��⃗� , �⃗�� > 𝑤� ≤ 1 − 𝛼     𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜       𝑉𝑎𝑅𝛼 �𝐿��⃗� , �⃗��� ≤ 𝑤 , 
 
i.e., the constraint assuring that the probability that loss 𝐿(𝑥,𝜃) exceeding 𝑤 is less or equal than 1 − 𝛼 is 
equivalent to the constraint that VaR (percentile) with confidence level 𝛼 is less or equal than 𝑤. The 
PSG function “Probability Exceeding Penalty for Loss” implements the function 𝑃𝑟�𝐿��⃗� , �⃗�� > 𝑤�  and 
PSG function “VaR Risk for Loss” implements  𝑉𝑎𝑅𝛼 �𝐿��⃗� , �⃗���. 
 
We solved two portfolio optimization problems. In both cases we maximized the estimated return of the 
portfolio. In the first problem, we imposed a constraint on probability; in the second problem, we imposed 
an equivalent constraint on VaR. For two problems we obtained at optimality the same objective 
function values and similar optimal portfolios. 
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Notation 

I= number of instruments; 

J=number of scenarios; 

�⃗� = (𝑥1, … . . 𝑥𝐼) =decision vector defining positions in instruments; 

𝜃𝑖𝑗 = rate of return of the i-th instrument under scenario j; 

�⃗� = (𝜃1, … . .𝜃𝐼) = random vector of rates of returns of instruments, i=1,…,I; 

𝜃𝚥���⃗ = (𝜃1𝑗 , … ,𝜃𝐼𝑗) = vector of rates of returns of instruments, i=1,…,I, under scenarios j; 

𝐿��⃗�,𝜃𝚥���⃗ � = −∑ 𝜃𝑖𝑗𝑥𝑖𝐼
𝑖=1    = Loss under scenario j; 

 



2 
 

𝑢�⃗ = (𝑢1, … . .𝑢𝐼) = vector of upper bounds on positions for asset, i=1,…,I; 

𝑙 = (𝑙1, … . . 𝑙𝐼) =  vector of lower bounds on positions for asset, i=1,…,I; 

𝛼 = confidence level for VaR and probability constraint; 

𝑤  = constant bounding VaR and loss in probability constraint; 

𝑝𝑟_𝑝𝑒𝑛�𝐿��⃗� , �⃗�� > 𝑤� = Probability Exceeding Penalty for Loss; approximately this function equals 
 
 𝑝𝑟_𝑝𝑒𝑛�𝐿��⃗� , �⃗�� > 𝑤� = ∑ 𝑝𝑗ℎ

𝐽
𝑗=1 (𝐿��⃗� , �⃗�𝑗�,𝑤) , 

 
where 
 

  ℎ(𝑦,𝑤) =  �1 , 𝑖𝑓 𝑦 ≥ 𝑤 
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

�  . 

 
To maintain stability of optimization algorithms PSG uses more complicated interpolated formula for 
pr_pen consistent with var_risk (see definition in Appendix I: Mathematica Definition of Functions.). 
 
𝑣𝑎𝑟_𝑟𝑖𝑠𝑘�𝐿��⃗� , �⃗��� = VaR Risk for Loss; for continuous distribution approximately this function equals 
 
 𝑣𝑎𝑟_𝑟𝑖𝑠𝑘�𝐿��⃗� , �⃗��� = min{𝜁 ∈ 𝑅:𝜓(𝑥,���⃗ 𝜁)  ≥  𝛼}, 
 
where 
 𝜓(𝑥,���⃗ 𝜁) = probability distribution of the loss 𝐿��⃗� , �⃗��. 
 
For discrete distributions, considered in PSG, when models are based on scenarios and finite sampling, 
calculation of VaR Risk for Loss is based on more complicated formula involving multiple steps, see 
Appendix I: Mathematica Definition of Functions . 
 
 

Optimization Problem 1 

Maximizing estimated return 

𝑚𝑎𝑥𝑥 𝐸 �−𝐿��⃗� , �⃗���                                                (CS.1) 

subject to 

Probability constraint 

𝑝𝑟_𝑝𝑒𝑛�𝐿��⃗� , �⃗�� ≥ 𝑤� ≤ 1 − 𝛼                              (CS.2) 

 

Budget constraint 

  ∑ 𝑥𝑖 = 1𝐼
𝑖=1                                                                (CS.3) 

http://www.ise.ufl.edu/uryasev/testproblems/appendices/definitions_of_functions.pdf�
http://www.ise.ufl.edu/uryasev/testproblems/appendices/definitions_of_functions.pdf�
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Bounds on positions    

𝑣𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖 , 𝑖 = 1, … , 𝐼                                          (CS.4) 

 

Comment: Although in the equivalence formulation we have the strict inequality sign in probability 
formula,  𝑃𝑟�𝐿��⃗� , �⃗�� > 𝑤� ≤ 1 − 𝛼 , in the Problem 1 formulation we have non-strict inequality sigh in 
probability formula, 𝑃𝑟�𝐿��⃗� , �⃗�� ≥ 𝑤� ≤ 1 − 𝛼 , because PSG software is implemented with the non-
strict inequality sign in the probability function. 

 

Optimization Problem 2 

Maximizing estimated return 

𝑚𝑎𝑥𝑥 𝐸 �−𝐿��⃗� , �⃗���                                                (CS.5) 

subject to 

VaR constraint 

𝑣𝑎𝑟_𝑟𝑖𝑠𝑘 �𝐿��⃗� , �⃗��� ≤ 𝑤                                        (CS.6) 

Budget constraint 

       ∑ 𝑥𝑖 = 1𝐼
𝑖=1                                                         (CS.7) 

Bounds on positions    

𝑣𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖 , 𝑖 = 1, … , 𝐼                                          (CS.8) 

 

 


