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Abstract

This article addresses challenges of estimating operational risk regulatory
capital when a loss sample is truncated from below at a data collection
threshold. Recent operational risk literature reports that the attempts to
estimate loss distributions by the maximum likelihood method are not
always successful under the truncation approach that accounts for the
existence of censored losses—the likelihood surface is sometimes ascending
with no global solution. The literature offers an alternative called the shifting
approach, which estimates the loss distribution without taking into account
censored losses. We present a necessary and sufficient condition for the exis-
tence of the global solution to the likelihood maximization problem under the
truncation approach when the true loss distribution is lognormal, and derive
a practically explicit expression for the global solution. We show by a simula-
tion study that, as the sample size increases, the capital bias by the truncation
approach declines while the bias by the shifting approach does not.

Introduction

Available databases of operational losses usually do not store records below some
data collection thresholds at the event level. Having a data collection threshold helps
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to avoid difficulties with recording and storing too many small loss events. However,
omitting data falling below the threshold will most likely make the difficult problem of
modeling operational risk accurately even more challenging. An important challenge
is whether one needs to take into account the fact that the data are censored from below
at the data collection threshold. Theoretically, it would be more appropriate to account
for the existence of censored losses by explicitly acknowledging the truncated nature
of the data samples while modeling both severity and frequency distributions under
the widely accepted loss distribution approach (LDA). However, the operational risk
literature reports that attempts to fit operational losses using truncated severity distri-
butions by the method of maximum likelihood estimation are not always successful.
It turns out that, in many cases, the likelihood surface is nearly flat or even ascending
with no global maximum, which forces standard optimization algorithms to encounter
numerical problems. Also, unconditional frequency estimates are quite high, reflecting
a large number of censored small losses and making the convolution algorithms (such
as Panjer recursion, Fourier transform, or Monte Carlo simulation) computationally
intense. To avoid the above-mentioned difficulties, some researchers suggest the use
of the so-called shifting approach. Under the shifting approach, a loss sample is shifted
to the left by the threshold value, the shifted sample is fitted by a non-truncated distri-
bution, and the resulting distribution is shifted to the right to derive the estimated loss
distribution. Proponents of the shifting approach present the following arguments,
among others, to support it. The shifting approach eliminates the numerical diffi-
culties with fitting that the truncation approach often encounters. Under the shifting
approach, fitting results are more stable and convolution algorithms are more efficient.
Also, in cases of very heavy-tailed severity distributions, omitting censored data leads
to negligible changes in capital estimates. Supporters of the truncation approach argue
that the shifting approach leads to stability of estimates at the expense of adding signif-
icant bias to parameter as well as capital estimates. So far, the operational risk literature
could not present clear evidence favoring one approach over the other. For instance,
using a simulation study, Shevchenko (2010) shows that for light-tail lognormal sever-
ity distributions, the shifting approach might induce significant bias in comparison to
the truncation approach, but this bias becomes insignificant for heavy-tail lognormal
distributions. Meanwhile, simulation studies performed by Cavallo et al. (2012) under
the shifting approach reveal that the overstatement or understatement of the severity
of an individual loss in the extreme right tail depends on the characteristics of the
data sample. In addition, the literature is not clear about the reasons as to why one
sample generates stable and reasonable fitting results under the truncation approach
while another sample, with similar characteristics, might lead to unstable and unrea-
sonable results. Also, it is not clear whether the trade-off between stability and bias
under the shifting approach is tolerable. In this article, we focus on the challenges of
estimating the parameters of the lognormal severity and Poisson frequency distribu-
tions under the truncation approach, and derive a specific, necessary, and sufficient
condition for the existence of the global solution to the severity parameter estima-
tion problem. In the sequel, we also call this condition the regularity condition. An
important implication of this result is that if the regularity condition is not satis-
fied, the maximum likelihood estimate does not exist, meaning the loss data sample
under consideration does not support the lognormal model and a different model
needs to be used. Violations of the regularity condition are the main reason leading
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to unstable parameter estimates under the truncation approach. Through numerical
experimentations we observe that violations happen more often in small samples,
even when the true loss-generating distribution is lognormal. As the sample size in-
creases, chances that violations occur decline rapidly. We find the parameter estimates
in the form of almost explicit formulae. Therefore, the proposed solution eliminates
the need to maximize the likelihood numerically and helps to avoid challenges asso-
ciated with nonconvergence of standard optimization techniques. Although we use
the method of moments estimation technique to drive the results, we show analyt-
ically that when the global solution of the maximum likelihood problem exists, the
parameter estimates by the methods of moments and maximum likelihood are the
same. The proposed estimation procedure and the regularity condition allow us to
compare the performance of the shifting and truncation approaches. For this purpose,
we conduct comprehensive numerical experiments and compare the parameter and
capital estimates as well as the resulting biases by both approaches for a wide range
of the parameter values. The truncation approach for estimation of the severity and
frequency distributions of operational losses explicitly accounts for the fact that a loss
data sample is censored from below at a data collection threshold, thereby justifying
the use of truncated severity distributions. In this article, we use truncated lognormal
severity distribution. Since a lognormal random variable can be turned into a normal
variable by taking the natural logarithm, we focus on the problem of parameter esti-
mation for singly truncated (specifically, truncated from below) normal distribution.
Thus, the problem we are tackling is an old problem that is now being approached
from a new perspective, that is, fitting a truncated sample of operational losses under
the LDA. Not surprisingly, many authors in the past have studied properties of trun-
cated normal distributions and the challenges of fitting truncated normal distributions
to censored samples. Cohen (1949) credits Pearson and Lee (1908) with developing
formulae for the parameter estimates of a singly truncated normal distribution using
the method of moments. Then, Cohen (1949) refers to the article by Fisher (1931), and
mentions that Fisher used the maximum likelihood estimation and showed the equiv-
alence of these two approaches for this problem. Both estimation methods relied on
special statistical tables and interpolation and therefore suffered from inaccuracy of
results. In addition, those tables are not widely known. Nowadays, available statisti-
cal software products are capable of producing many important characteristics of the
standard normal distribution with higher accuracy than ever before, eliminating the
need for the use of tabulated values. Other articles on this subject include Cohen (1950),
where cases of doubly truncated and censored samples were considered, and Halperin
(1952a, 1952b). The estimation procedure that we are proposing was independently
developed by many authors in the past and it resembles the results by Cohen (1949,
1950), Barrow and Cohen (1954), and Sampford (1953). Our contribution is that we
modify the previously obtained solutions to a few related but isolated problems and
combine all these results in a holistic way to propose a new solution to the problem at
hand, that is, fitting the truncated lognormal severity model operational losses under
the LDA. In addition, we prove that under the regularity condition, there exits the
unique point of global maximum of the likelihood function. If the regularity condition
is violated, then the likelihood surface does not achieve its global maximum. To make
sure that the reader is able to easily follow our derivations, we present brief proofs
of many previously obtained results. A number of articles discuss related problems
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of estimating operational risk loss samples in the presence of a data collection thresh-
old. To name a few, Shevchenko and Temnov (2009) study complications associated
with time-dependent data collection threshold. Luo, Shevchenko, and Donnelly (2007)
address the impact of data truncation and parameter uncertainty on operational risk
estimates. Opdyke and Cavallo (2012) study robust statistics as an alternative to the
maximum likelihood estimation. Cavallo et al. (2012) study estimation challenges in
the presence of misspecification.

The rest of the article is organized as follows. In the “Truncation Versus Shifting” sec-
tion, we introduce the truncation and the shifting approaches in the context of a more
general LDA to operational risk modeling. In the “A Procedure for Estimating Param-
eters of Truncated Lognormal Distribution” section, we present our simple estimation
procedure for finding the method of moments estimates of the lognormal severity dis-
tribution parameters under the truncation approach. This procedure also allows us to
obtain capital estimates under the truncation approach and compare capital bias of
the truncation approach with that of the shifting approach. These comparison results
are reported in the “Capital Bias Under Truncation and Shifting Approaches” section.
We start with reporting approximations to capital bias using known asymptotic ap-
proximations to capital. Then we confirm our results by numerical calculations. The
“Derivation of the Procedure for Parameter Estimation” section presents mathemati-
cal details of how we derive our procedure. In The “Equivalence of Maximum Likeli-
hood and Method of Moments Estimates” section, we present a brief derivation of the
proof that under the regularity condition the method of moments and the maximum
likelihood estimates are the same. The “Conclusion” section concludes. Appendix A
provides further details of how we conduct the numerical calculations of capital bias
in the “Capital Bias Under Truncation and Shifting Approaches” section. Appendix B
contains additional details of the proofs of the mathematical results presented in the
“Equivalence of Maximum Likelihood and Method of Moments Estimates” section.

Truncation Versus Shifting

Both the truncation and the shifting approaches to estimating operational risk loss dis-
tributions are developed within the context of a more general LDA to operational risk
modeling. LDA is based on a well-known actuarial technique used in the insurance
industry, which states that annual aggregate loss distribution could be estimated by
fitting severity and frequency distributions of losses (Klugman, Panjer, and Willmot,
1998). In other words, one needs to quantify distributions of severity and frequency
of losses over a predetermined time period (typically annual) and convolute them to
derive the aggregate loss distribution for that period. Severity and frequency distribu-
tions are quantified for each risk cell. A risk cell (also called unit of measure) could be
a line of business, an event type, or the intersection of both. The annual aggregate loss
distribution is found by compounding the severity and the frequency distributions.
Unfortunately, this compound distribution has no general closed-form representa-
tion. Therefore, in practice, the annual aggregate loss distribution is typically found
by Monte Carlo simulation. Other alternatives include Panjer recursion and Fourier
transform methods. Once the aggregate loss distribution is determined, the regulatory
operational risk capital is calculated as the 99.9 percent quantile of this distribution
(Bank for International Settlements Basel Committee on Banking Supervision, 2004).
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Popular choices for fitting the severity distribution include, but are not limited to, log-
normal, lognormal-gamma, loglogistic, Weibull, and generalized Pareto distributions.
Meanwhile, the frequency distribution is commonly modeled by Poisson, binomial,
and negative binomial distributions. In this article, we assume that severity is mod-
eled by lognormal distribution while frequency is modeled by Poisson distribution.
Usually, both distributions are fitted separately so that different estimation techniques
could be applied.1 Under the truncation approach, one explicitly acknowledges the
existence of an unobserved portion of losses falling below a data collection threshold
and fits a conditional distribution to the observed portion of losses. Subsequently,
one also adjusts the estimate of annual frequency to capture unobserved losses while
simulating annual total loss distribution. Under the shifting approach, one assumes
that there are no losses falling below the data collection threshold. To fit a sample of
observed losses, one subtracts the data collection threshold loss amount from each
loss, then fits the resulting sample as if it is coming from an unconditional lognormal
distribution. Individual losses sampled from this distribution are adjusted by adding
the value of the data collection threshold back to each loss. There is no adjustment
to frequency in contrary to the truncation approach so that frequency estimates are
based on observed losses only.

A Procedure for Estimating Parameters of Truncated Lognormal Distribution

Here, we outline the basic steps of the procedure we are proposing for estimat-
ing the parameters of the truncated lognormal distribution. To avoid overwhelming
the reader with mathematical details, we present the supporting derivations in the
“Derivation of the Procedure for Parameter Estimation” and “Equivalence of Max-
imum Likelihood and Method of Moments Estimates” sections. Suppose a random
variableX, distributed according to the lognormal distribution with parameters (�, �),
represents operational losses. We assume that we only observe independent realiza-
tions (X1, . . . ,Xn), Xi ≥ L of the random variableX exceeding a data collection thresh-
old L, where n is the number of observed losses. We convert this data sample into the
data sample Y = (Y1, . . . ,Yn) = (lnX1, . . . , lnXn) from the truncated normal distribu-
tion with the same parameters (�, �) and the truncation threshold ln L. Here are the
basic steps of estimating parameters (�, �) of the truncated lognormal distribution:

Step 1. Calculate the sample moments Y = 1
n

n∑
i=1

Yi and Y2 = 1
n

n∑
i=1

Y2
i .

Step 2. Find the data statistic A = Y2 − (Y)2

(Y − ln L)2
.

Step 3. If A ≥ 1, then the method of moments and the maximum likelihood estimates
of the parameters (�, �) for the data sample (Y1, . . . ,Yn) cannot be obtained.

1Several authors emphasize that when a part of losses is unobserved, such as losses falling
below a data collection threshold, the severity and frequency parameters become dependent
so that estimating them jointly would be more appropriate (e.g., Ergashev, 2009; Opdyke, 2011)
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Step 4. If A < 1, find the root t∗ of the equation 2

G(t∗) − 1 = A, (1)

where

G(t) = 1
�(t)

1−�(t) − t

⎛⎝ 1
�(t)

1−�(t) − t
− t

⎞⎠ , (2)

also �(t) = 1√
2�

e− t2
2 and �(t) =

∫ t

−∞
�(x) dx are pdf and cdf of the standard normal

distribution, correspondingly.

Step 5. Find the parameter estimates �̂T and �̂T using the following formulae:

�̂T = Y − ln L
�(t∗)

1−�(t∗) − t∗
, �̂T = ln L− �̂T t

∗. (3)

Step 3 of the above procedure is an important one that verifies whether the method
of moments solution to the estimation problem exists or not. In the “Derivation of
the Procedure for Parameter Estimation” section, we show that 1 < G(t) < 2 for all
−∞ < t < +∞. Therefore, the solution to Equation (1) does not exist if A ≥ 1. In the
“Method of Moments Estimates” section, we demonstrate that the system of equa-
tions (1) and (3) is an equivalent representation of the system of two method of
moment equations stating that the first and the second sample moments are equal to
the corresponding first and second moments of the truncated lognormal distribution
with parameters (�, �). In the “Equivalence of Maximum Likelihood and Method of
Moments Estimates” section, we also show that, under the regularity conditionA < 1 ,
the method of moments and the maximum likelihood method are equivalent.

When regularity condition A < 1 is not satisfied, it also means that the likelihood
surface is ascending with no global maximum. Therefore, numerical maximization
procedures will not work either. More details on this appear in the “Equivalence of
Maximum Likelihood and Method of Moments Estimates” section. We would like to
emphasize that the performance of the estimation procedure under less than perfect
data conditions (such as misspecification/uncertainty in the distributional assump-
tion or imperfectly homogeneous data) remains to be studied.

Capital Bias Under Truncation and Shifting Approaches

Now we turn to studying the behavior of the bias in capital estimates under
both approaches. Initially, we use the single loss approximation by Böcker and
Klüppelberg (2005) to assess the magnitude of the bias under each approach (“Single

2The values of function G(t) − 1 for a wide range of values of t are tabulated and
placed in the file located at the following link: http://www.ise.ufl.edu/uryasev/files/
2012/10/Function G.xls. Find the value of A in the first column of the table and the corre-
sponding root t∗ of equation (1) in the second column.
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Loss Approximations to Capital Bias” section). Then, we confirm our findings by a
simulation study (“Numerical Estimates of Capital Bias” section).

Single Loss Approximations to Capital Bias
Under the truncation approach, we use the estimation procedure we proposed in
the “Truncation Versus Shifting” section to find the method of moments parameter
estimates (�̂T , �̂T ) based on a sample of observed losses above the thresholdL = 10,000
with the size n = 500 . In this case, the estimated severity distribution is lognormal
with the parameters (�̂T , �̂T ), while the estimated annual frequency, which includes
the frequency of censored losses, is

�̂T = n/m

1 −�(L
∣∣ �̂T , �̂T )

,

where m is the number of years during which a sample of n losses is observed. It
should be noticed that as the sample size n increases, the parameters �̂T , �̂T , and �̂T
converge to their true values.

Under the truncation approach, the Value-at-Risk (VaR) of the severity distribution at
a given quantile level q, QT (q), is explicitly calculated as:

QT (q) = exp
{
�̂T + �̂T�

−1(q)
}
.

Therefore, using the single loss approximation by Böcker and Klüppelberg (2005), we
find the first-order approximation for the regulatory capital at the given high level
quantile q = 0.999 as follows:

CT (SLA) = exp

{
�̂T + �̂T�

−1

(
1 − 0.001

�̂T

(
1 + o(1)

))}
. (4)

Assuming that the true loss-generating process is lognormal with parameters � and
�, and the true frequency is Poisson with expected annual frequency of all losses �,
the single loss approximation to the true capital is given by

C(SLA) = exp

{
�+ ��−1

(
1 − 0.001

�

(
1 + o(1)

))}
.

Thus, the single loss approximation to capital bias under the truncation approach is:

bT(SLA) = CT(SLA)
C(SLA)

− 1

≈ exp

{
�̂T − �+ �̂T�

−1

(
1 − 0.001

�̂T

)
− ��−1

(
1 − 0.001

�

)}
− 1. (5)

Under the shifting approach, one works with the shifted losses Zi = Xi − L , and
assumes that Zi , i = 1, . . . ,n are i.i.d. coming from a lognormal distribution with
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unknown parameters (�S , �S ). The maximum likelihood estimates, �S and �S , can be
easily found as:

�̂S = 1
n

n∑
i=1

ln(Xi − L), (6)

�̂2
S

= 1
n

n∑
i=1

⎛⎝ln(Xi − L) − 1
n

n∑
j=1

ln(Xj − L)

⎞⎠2

. (7)

Due to the shifting of observed losses by the amount L > 0, the above estimates do not
converge to their true values as the sample size increases. In addition, the estimate of
the frequency parameter, �̂S , is also biased because it does not take into account the
frequency of losses falling below the threshold:

�̂S = n

m
.

Since the distribution ofZi is lognormal, the severity distribution (i.e., the distribution

of a single loss,Zi + L) is shifted lognormal:�
(

ln(x−L)−�̂
S

�̂
S

)
, x > L . Therefore, under

the shifting approach one can calculate the VaR QS (q) of the severity distribution at a
given quantile level q as follows:

QS (q) = L+ exp
{
�̂S + �̂S�

−1(q)
}
.

Using the single loss approximation, we have the following first-order approximation
to the regulatory capital:

CS (SLA) = L+ exp

{
�̂S + �̂S�

−1

(
1 − 0.001

�̂S

(
1 + o(1)

))}
.

Thus, the single loss approximation to capital bias under the shifting approach is:

bS(SLA) = CS (SLA)
C(SLA)

− 1

≈ exp

{
�̂S − �+ �̂S�

−1

(
1 − 0.001

�̂S

)
− ��−1

(
1 − 0.001

�

)}

+ exp

{
ln L− �− ��−1

(
1 − 0.001

�

)}
− 1. (8)

Figure 1 captures the SLA approximations to the bias in capital estimates under both
approaches. The approximations predict that the truncation approach overestimates
true capital for large values of� exceeding 2. In contrast, the shifting approach severely
underestimates the true capital for those values of �. Since the accuracy of the SLA is
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Figure 1

The Single Loss Approximation (SLA) to Capital Proposed by Böcker and Klüppelberg
(2005) Is Used to Approximate the Bias in Capital Estimates Under the Truncation (Top
Graph) and Shifting (Bottom Graph) Approaches When the Sample Size of Observed
Losses Is 500

Notes: The bias is measured as percent of true capital using Formulae (5) and (8). The range
of true parameter values is: 8.0 ≤ � ≤ 15.0 , 0.25 ≤ � ≤ 4.0 . The region of parameter values
where the shifting approach underestimates true capital is significantly larger than that of the
truncation approach.
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poor for small values of �, in the next section we reestimate the bias using numerical
calculations.

Numerical Estimates of Capital Bias
Now we conduct a comprehensive simulation study in which we recalculate the bias
numerically for the sample sizes of observed losses 500 and 1,000, and a grid of �
and � values covering the most plausible values of these parameters we have seen
in practical applications: 8.0 ≤ � ≤ 15.0, 0.25 ≤ � ≤ 4.0 . Throughout our numerical
studies, the value of the data collection threshold is L = 10,000. Although we consider
two sample sizes, we keep the average annual frequency of losses constant at � = 50
to make sure that the increase in the sample size improves the estimates without
changing the magnitude of capital numbers. Further details of how we calculate the
capital number and the biases can be found in Appendix A. The results of the simula-
tion study are presented in Figures 2 and 3. The numerical results confirm our earlier
finding that the truncation approach overestimates the true capital for a wide range
of parameter estimates, while the shifting approach might over- and underestimate
the capital depending on the chosen parameter configuration. Noticeably, the shifting
approach severely underestimates true capital for samples with � exceeding 2. As the
sample size increases, the capital bias of the truncation approach converges to zero
while such a convergence does not occur under the shifting approach.

The above-described series of simulation studies helped us to identify the main source
of the capital bias of the shifting approach. Under this approach, the severity pdf
must rapidly decline to zero near the data collection threshold, which is not the case
in the truncation approach. As a result, the left tail of the distribution is more light-
tailed in the shifting approach. Since the lognormal pdf is symmetric on the log scale,
this necessarily implies that right tail of the pdf under shifting is also more light-
tailed, which will tend to understate capital requirements relative to the truncated
approach. To make sure that our results are not sensitive to the choice of the data collec-
tion threshold, we have conducted additional simulation studies with the thresholds
values L = 5,000 and L = 20,000. In our experience, these threshold values, together
with L = 10,000, are the most commonly used data collection thresholds among the
U.S. financial institutions. The behavior of the bias for the thresholds L = 5,000 and
L = 20,000 was not materially different from its behavior for L = 10,000 under both
approaches, which confirms that our findings are robust to reasonable changes in the
threshold value.

Derivation of the Procedure for Parameter Estimation

We start with a standard system of the methods of moment equations for the truncated
normal distribution and reparameterize it in terms of functionG(·) described in Step 4
of our procedure. This is done in the “Method of Moments Estimates” section. Then, in
“the Necessary and Sufficient Condition” section, we use the reparameterized system
to derive the three key properties of the function G (Theorem 1), which helps us to
prove the necessary and sufficient condition for the existence of the global solution
(Theorem 2). The procedure described in the “A Procedure for Estimating Parameters
of Truncated Lognormal Distribution” section describes a practical way of applying
Theorems 1 and 2 to find the numerical values of the parameter estimates.
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Figure 2

Numerical Approximations to the Bias in Capital Estimates Under the Truncation
Approach When the Sample Size of Observed Losses Is 500 (Top Graph) and 1,000
(Bottom Graph)

Notes: The bias is measured as the percent of the true capital. As the sample size increases the
bias diminishes.

Method of Moments Estimates
To utilize the method of moments estimation, we need to know parametric expressions
of the first two moments of the truncated normal distribution. The following lemma
is valid.
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Figure 3

Numerical Approximations to the Bias in Capital Estimates Under the Shifting Approach
When the Sample Size of Observed Losses Is 500 (Top Graph) and 1,000 (Bottom
Graph)

Notes: The bias is measured as percent of the true capital. As the sample size increases the bias
does not diminish.
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Lemma 1: LetY be a normally distributed random variable with parameters (�, �) , truncated
on the set [a, b] , then

E(Y) = �+ �

⎡⎣ � ( a−�� )− �
(
b−�
�

)
�
(
b−�
�

)
−�

( a−�
�

)
⎤⎦ , (9)

E
(
Y2
)

= �2 + �2 + 2��

⎡⎣ � ( a−�� )− �
(
b−�
�

)
�
(
b−�
�

)
−�

( a−�
�

)
⎤⎦

+ �2

�
(
b−�
�

)
−�

( a−�
�

) [a− �

�
�

(
a− �

�

)
− b− �

�
�

(
b− �

�

)]
, (10)

where, as before, �(x) = 1√
2�
e−

x2
2 and �(x) =

∫ x

−∞
�(z) dz.

Proof: See Johnson and Kotz (1970). �

Suppose now that random variable Y is truncated only from below at ln L, that is,
a = ln L , and b = +∞ . Then Lemma 1 implies:

E(Y) = �+ �
�
(

ln L−�
�

)
1 −�

(
ln L−�
�

) , (11)

E
(
Y2
)

= �2 + �2 + 2��
�
(

ln L−�
�

)
1 −�

(
ln L−�
�

) + �2
ln L−�
� �

(
ln L−�
�

)
1 −�

(
ln L−�
�

) . (12)

The previous two equations provide a parametric expression for the moments of a
normally distributed random variable that is truncated from below. Let us introduce
the following notation:

t = ln L− �

�
.

With this notation, the system takes the following form:

E(Y) = �+ �
�(t)

1 −�(t)
, (13)

E
(
Y2
)

= �2 + �2 + �(ln L+ �)
�(t)

1 −�(t)
. (14)
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The (t, �) notation provides us with an alternative way of parameterizing the truncated
normal distribution instead of the usual and well-accepted (�, �) parameterization.
The new parameterization will help us solve the above system of equations when
E(Y) and E

(
Y2) are substituted by sample moments Y and Y2. At the same time, it

is clear that there exists one-to-one correspondence between (t, �) and (�, �) so if we
find estimates in the (t, �) parameterization, we can easily restore the distribution in
the (�, �) parameterization. Below we discuss the details of how we solve the system

using the new parameterization. We express �
�(t)

1 −�(t)
from the first equation of the

system (13, 14) and use it in the second equation to obtain the following system:

E(Y) = �+ �
�(t)

1 −�(t)
,

E
(
Y2
)

= �2 + �2 + (ln L+ �)(E(Y) − �) .

Simplifying the left-hand side of the second equation and making the left-hand sides
of both equations free of parameters, we obtain:

E(Y) = �+ �
�(t)

1 −�(t)
, (15)

E
(
Y2
)

− E(Y) ln L = �2 + �(E(Y) − ln L). (16)

Let us recall that under new parameterization variable � is expressed via t and � as

� = ln L− �t.

Using the above expression for �, we re-express the system (15, 16) as follows:

E(Y) − ln L = �

(
�(t)

1 −�(t)
− t

)
,

E
(
Y2
)

− E(Y) ln L = �2 + (ln L− �t)(E(Y) − ln L) .

After making the left-hand side of the second equation free of parameters, the system
takes the form:

E(Y) − ln L = �

(
�(t)

1 −�(t)
− t

)
, (17)

E
(
Y2
)

− 2E(Y) ln L+ ln2 L = �2 − �t(E(Y) − ln L) . (18)
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Now (17) provides us with the explicit relation between � and t, which we will use in
(18) to derive the following system:

� = E(Y) − ln L
�(t)

1−�(t) − t
,

⎛⎝E(Y) − ln L
�(t)

1−�(t) − t

⎞⎠2

− t(E(Y) − ln L)2

�(t)
1−�(t) − t

= E
(
Y2
)

− 2E(Y) ln L+ ln2 L .

Dividing both sides of the last equation by
(
E(Y) − ln

)2 and using the notation (2)
from the “Truncation Versus Shifting” section, we obtain the system:

� = E(Y) − ln L
�(t)

1−�(t) − t
, (19)

G(t) = E
(
Y2)− 2 ln LE(Y) + ln2 L(

E(Y) − ln L
)2 . (20)

The system (19, 20) is equivalent to (13, 14), but, in fact, it has special advantages that
will become clear in the next section. We also notice that the right-hand side of (20)
can be expressed in a simpler form:

(E(Y))2 − 2E(Y) ln L+ ln2 L+ E
(
Y2)− (E(Y))2(

E(Y) − ln L
)2 = 1 + Var(Y)(

E(Y) − ln L
)2

= 1 + Var(Y − ln L)(
E(Y − ln L)

)2 > 1 .

Finally, all the above derivations lead us to the following equivalent representation
of the initial system of the method of moments equations (13, 14) under the new
parameterization:

� = E(Y) − ln L
�(t)

1−�(t) − t
, (21)

G(t) = 1 + Var(Y − ln L)(
E(Y − ln L)

)2 . (22)

Using the method of moments, we substitute theoretical first and second moments

E(Y) and E
(
Y2) with the sample moments, Y = 1

n

n∑
i=1

Yi and Y2 = 1
n

n∑
i=1

Y2
i , in the
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system (21, 22) and solve the system

� = Y − ln L
�(t)

1−�(t) − t
, (23)

G(t) = 1 + Y2 − (Y)2

(Y − ln L)2
, (24)

to obtain its solution (t∗, �̂T ) and, consequently, the estimate (�̂T , �̂T ) as well, where
�̂T = ln L− �̂T t

∗ .

The Necessary and Sufficient Condition
In this section, we derive the necessary and sufficient condition for the existence and
uniqueness of the method of moments estimate. We start with the following auxiliary
result, which describes a few important properties of the function G(·) .

Theorem 1: Function G(t) = 1
�(t)

1−�(t) − t

⎛⎝ 1
�(t)

1−�(t) − t
− t

⎞⎠ has the following three proper-

ties:
1. G(t) −→ 1 , when t → −∞.
2. G(t) −→ 2 , when t → +∞.
3. G(t) is a monotonically increasing function on (−∞, +∞).

Proof: Theorem 1 was proved by Barrow and Cohen (1954). �

Theorem 2: The unique method of moments solution (t∗, �̂) to the system (23, 24) exists

if and only if statistic A = Y2 − (
Y
)2(

Y − ln L
)2 is less than 1. The solution is explicitly expressed

through G(t), A, L , and the sample moments.

Proof: Let (t∗, �̂) be the solution of the system (23, 24). Theorem 1 states that G(t)
is a monotonically increasing function taking its values in the interval from 1 to 2;
therefore, A has to be less than 1. Now, let us assume that statistic A is less than 1. By
Theorem 1, the inverse function G−1(x) exists ∀x ∈ (1, 2) . Therefore, there exists the
unique solution (t∗, �̂) to system (23, 24) that can be expressed as follows:

t∗ = G−1(1 + A),

�̂ = Y − ln L
�(t∗)

1−�(t∗) − t∗
.

Apparently, �̂ = ln L− �̂t∗ . �
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Summarizing all the above, Theorems 1 and 2 justify the five-step procedure that we
presented in the “A Procedure for Estimating Parameters of Truncated Lognormal
Distribution” section.

As an important remark to the proposed estimation procedure, we would like to
note that statistic A might become greater than 1 (i.e., the regularity condition is
violated) for some samples even when the true data generation process is lognormal.
We notice that these violations occur infrequently, and mainly when the sample size
is too small and/or substantial weight of the loss distribution falls below the data
collection threshold. As a result, sample statistic A is far from its asymptotic value
in such samples. To better understand the severity of this challenge, we conducted
a series of experiments with samples of various sizes generated by true parameters
falling within the parameter region (8.0 ≤ � ≤ 15.0, 0.25 ≤ � ≤ 4.0) and made the
following observations:

� For the parameter region (8.25 < � ≤ 15.0, 0.5 < � ≤ 4.0) the sample size of at
least 200 is sufficient to keep the rate of violations of the regularity condition at less
than 0.1 percent. When the sample size was 500, we did not observe any violations.

� For the parameter region (8.0 ≤ � ≤ 8.25, 0.25 ≤ � ≤ 0.5) one needs the sample
size of 400 to keep the rate of violations under 1 percent. When the sample size was
500, the maximum rate of violation was 0.8 percent.

As an implication of the above finding we would like to emphasize that in the practical
applicationsA ≥ 1 means that (1) either the true distribution of observed losses indeed
resembles truncated lognormal but the sample size is too small so the sample statistic
A has not yet converged close enough to its true value lying below one, or (2) the true
severity distribution is not well approximated by a truncated lognormal distribution.

Equivalence of Maximum Likelihood and Method of Moments Estimates

The maximum likelihood method is known to give the same estimates as the method
of moments in case of nontruncated normal distribution (see e.g., Casella and Berger,
2002). In this section, we prove that the same property holds true in case of singly
truncated normal distribution. First, we show that the first-order conditions of the
likelihood maximization problem are equivalent to the system (23, 24). Then we show
that the log-likelihood surface achieve its global maximum if and only if the statistic
A < 1.

Let (Y1, . . . ,Yn), Yi ≥ ln L be a sample from the truncated normal distribution with
parameters (�, �). We denote the likelihood function of this sample by L(Y1, . . . ,Yn)
and consider the log-likelihood function lnL(Y1, . . . ,Yn):

lnL(Y1, . . . ,Yn) = ln

⎛⎜⎜⎜⎝
n∏
i=1

1√
2��2

e
− 1

2

(
t+Yi−ln L

�

)2

1 −�(t)

⎞⎟⎟⎟⎠ ,
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where t = ln L− �

�
and �(t) is the cdf of the standard normal distribution. When we

transform the logarithm of multiplication into the sum of logarithms, we obtain the
following:

lnL =
n∑
i=1

[
−1

2
ln(2�) − ln � − 1

2

[
t2 + 2t

Yi − ln L
�

+
(
Yi − ln L

�

)2
]

− ln (1 −�(t))

]

= n

(
−1

2
ln(2�) − ln �− t2

2
− t

�

(
Y− ln L

)−Y
2 − 2Y ln L+ ln2 L

2�2 − ln(1−�(t))

)
,

where Y = 1
n

n∑
i=1

Yi and Y2 = 1
n

n∑
i=1

Y2
i .

Now we can write down the maximum likelihood equations:

∂ lnL
∂t

= n

(
−t− Y − ln L

�
− −�(t)

1 −�(t)

)
= 0, (25)

∂ lnL
∂�

= n

(
− 1
�

+ t

�2

(
Y − ln L

)+ Y2 − 2Y ln L+ ln2 L

�3

)
= 0, (26)

where �(t) denotes the pdf of the standard normal distribution.

If we divide both equations by n, then find � from the first equation and multiply the
second equation by

(−�3) , we obtain the following system:

� = Y − ln L
�(t)

1−�(t) − t
, (27)

�2 − t�
(
Y − ln L

)−
(
Y2 − 2Y ln L+ ln2 L

)
= 0. (28)

Now, we replace� in the second equation with its expression given in the first equation
to obtain

� = Y − ln L
�(t)

1−�(t) − t
,

(Y − ln L)2(
�(t)

1−�(t) − t
)2 − t

(Y − ln L)2

�(t)
1−�(t) − t

= Y2 − 2Y ln L+ ln2 L.
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When we divide both sides of the second equation by
(
Y − ln L

)2
, it is clear that these

conditions are the same as the system (23, 24):

� = Y − ln L
�(t)

1−�(t) − t
, (29)

1(
�(t)

1−�(t) − t
)2 − t

�(t)
1−�(t) − t

= Y2 − 2Y ln L+ ln2 L

(Y − ln L)2
. (30)

The next theorem states that the condition A < 1 is the necessary and sufficient con-
dition for system (23, 24) to have a unique global maximum of its likelihood function.

Theorem 3: The global solution to the problem of maximization of the likelihood function

exists if and only if statisticA = Y2 − (
Y
)2(

Y − ln L
)2 is less than 1. The solution is explicitly expressed

through G(·), A, L, and the sample moments.

Proof: Let (t∗, �̂) be the global solution to the maximum likelihood problem. There-
fore, (t∗, �̂) has to satisfy the necessary optimality conditions (29, 30), and therefore,
A has to be less than 1 . Now suppose A < 1 . By Theorem 1 there exists the unique
solution (t∗, �̂) of the necessary optimality conditions (29, 30). In Appendix B, we show
that the point (t∗, �̂) defines the point of local maximum of the log-likelihood surface.
Moreover, the uniqueness of the local extremum (t∗, �̂) implies that (t∗, �̂) is also the
point of the global maximum of the log-likelihood surface (see Appendix B). There-

fore, the (29, 30) solution point

⎛⎝t∗ = G−1(1 + A), �̂ = Y − ln L
�(t∗)

1−�(t∗) − t∗

⎞⎠ is the maximum

likelihood estimate. Since (� = ln L− t�, �) parameterization is in one-to-one corre-
spondence with (t, �), the maximum likelihood estimates in terms of (�, �) are given
by

�̂ = ln L− t∗
Y − ln L
�(t∗)

1−�(t∗) − t∗
,

�̂ = Y − ln L
�(t∗)

1−�(t∗) − t∗
.

�

Summarizing the above result, we make the following two observations. Under the
assumption that data come from truncated normal distribution andA < 1, any numer-
ical likelihood maximization procedure is unnecessary because it leads to the same
result as the simple procedure based on the method of moments as described in the “A
Procedure for Estimating Parameters of Truncated Lognormal Distribution” section.
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If we have a data sample with sample statistic A ≥ 1, then both conditions
∂ lnL
∂�

= 0

and
∂ lnL
∂t

= 0 cannot be satisfied simultaneously; therefore, numerical likelihood

maximization procedures cannot converge and no global maximum can be obtained.

Conclusion

Under the assumption that the severity distribution of observed losses is truncated
lognormal, we present the necessary and sufficient condition for the existence of the
global solution to the problem of estimating the parameters of a truncated severity
distribution in operational risk modeling. We also show that when the above-
mentioned regularity condition holds, the method of moments estimates can be
obtained almost explicitly. The last result, combined with the equivalence of the max-
imum likelihood and the method of moments estimates, allows us to avoid instability
problems arriving from attempts to estimate the severity parameters by maximizing
the likelihood function using standard optimization algorithms. Thus, under the
assumption that data come from truncated lognormal distribution and the necessary
and sufficient condition is satisfied, any numerical likelihood maximization proce-
dure is unnecessary because, provided that it converges, it would lead to the same
result as the simple procedure based on the method of moments as is shown in the
“Equivalence of Maximum Likelihood and Method of Moments Estimates” section.
The proposed estimation technique allows us to compare two competing approaches
to estimating the parameters of the severity distribution—truncation versus shifting.
A comprehensive simulation study shows that under the truncation approach, the
capital estimates are somewhat overestimated for a wide range of parameter values,
but the overestimation substantially reduces as the sample size of observed losses in-
creases. In contrast, the shifting approach leads to significant bias in capital estimates,
and this bias remains significant even when the sample size increases. Provided that
the regularity condition is satisfied, the proposed simple and transparent estimation
procedure allows one to use the capital estimates based on the truncation lognormal
distribution as benchmarks against the estimates derived from more sophisticated
AMA severities such as the one that is based on the extreme value theory.

Appendix A: Details of the Capital Calculations in the Simulation Study

The True Capital Calculation
Let (�, �) represent the true parameters of the loss severity distribution assumed to

be lognormal. The cdf of the severity distribution is�
(

ln x − �

�

)
, where�(·) stands

for the cdf of the standard normal distribution. We only observe the losses exceeding
the threshold L and the average number of the observed losses equals � = 50. We
assume that the total number of loss events during a year follows the Poisson

distribution with the unconditional frequency equal to
�

1 −�
(

ln L−�
�

) . Therefore,
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the single realization of the annual loss can be expressed in the following way:

C1 =
k1∑
j=1

Xj,

where Xj � Lognormal (�, �) , k1 � Poisson

(
�

1−�
(

ln L−�
�

)). The true capital for (�, �) is

calculated based onM = 500,000 realizations Ci , i = 1, . . . ,M of the total annual loss:

C(�, �, �) = VaR0.999(C1, . . . ,CM).

The Capital Bias Under the Truncation Approach
To assess how well the truncation model estimates the true capital for every (�, �) from
the grid 8.0 ≤ � ≤ 15.0 , 0.25 ≤ � ≤ 4.0 , we generateN = 1,000 independent samples
of size 500 (or 1,000 in the second case) of observed losses from the truncated lognormal
random variable with parameters (�, �) and calculate corresponding statistic Ai, i =
1, . . . ,N. Every data sample has to satisfy the following two conditions. First, every
sample should satisfy the condition Ai < 1 . This condition guarantees that every
generated data sample has the maximum likelihood estimate (�̂i

T
, �̂i

T
), i = 1, . . . ,N,

which is obtained using the procedure we proposed in the “A Procedure for Estimating
Parameters of Truncated Lognormal Distribution” section. Also, the probability mass
of the lognormal distribution with parameters (�̂i

T
, �̂i

T
) , falling above the threshold L

must exceed 1 percent:

1 −�

(
ln L− �̂i

T

�̂i
T

)
> 0.01. (A1)

Then, for every (�̂i
T
, �̂i

T
) , i = 1, . . . ,N , we estimate the capital Ci

T
as follows:

Ci
T

= VaR0.999

⎛⎝ k1∑
j=1

Xj, . . . ,
kN∑
j=1

Xj

⎞⎠ ,

where Xj � Lognormal
(
�̂i
T
, �̂i

T

)
, ki � Poisson

⎛⎜⎜⎝ �

1−�
(

ln L−̂�i
T

�̂i
T

)
⎞⎟⎟⎠. The condition (A1)

guarantees that the frequency adjustment
�

1 −�

(
ln L−�̂i

T

�̂i
T

) is not dramatic and there-

fore the capital estimation will not encounter “out-of-memory" problem. Finally, the
bias of the capital estimation using the truncation approach is calculated as follows:

bT (�, �) =
1
N

∑N
i=1 C

i
T

C(�, �, �)
− 1.
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The Capital Bias Under the Shifting Approach
The set up of the experiments is similar to the one described in 1. For every (�, �) from
the grid 8.0 ≤ � ≤ 15.0 , 0.25 ≤ � ≤ 4.0 , we use the sameN data samples obtained in
1. However, every loss Xi ,Xi ≥ L is assumed here to follow the shifted distribution:

Xi � L+ Zi,

where Zi � Lognormal
(
�̂S , �̂S

)
and (�̂S , �̂S ) stands for parameter estimate under the

shifting approach. It is easy to see that the parameter estimates can be obtained from
the system of equations (6) and (7).

Then, for every (�̂i
S
, �̂i

S
) , i = 1, . . . ,N, we estimate the capital Ci

S
as follows:

Ci
S

= VaR0.999

⎛⎝ k1∑
j=1

(L+ Xj), . . . ,
kN∑
j=1

(L+ Xj)

⎞⎠ ,

whereXj � Lognormal
(
�̂i
S
, �̂i

S

)
, ki � Poisson (�). Finally, the bias of the capital estima-

tion using the truncation approach is calculated as follows:

bS (�, �) =
1
N

∑N
i=1 C

i
S

C(�, �, �)
− 1.

Appendix B: Uniqueness of Global Solution

In this appendix, we show that if the maximum likelihood solution exits, the necessary
conditions (30, 29) indeed define the unique point of global maximum of the log-
likelihood surface in terms of (t, �) parameterization. Below, we will use the following
lemma.

Lemma 2: Let 	(t) = �(t)
1 −�(t)

, � = d	(t)
dt

, then

� = 	(	 − t) and 0 < � < 1. (B1)

Proof: See Sampford (1953). �

The log-likelihood function, introduced in the “Equivalence of Maximum Likelihood
and Method of Moments Estimates” section, is defined as follows:

lnL(t, �) = n

(
−1

2
ln(2�) − ln � − 1

2
t2 − t

�
B− C

2�2 − ln(1 −�(t))
)

, (B2)

where B = Y − ln L, C = Y2 − 2Y ln L+ ln2 L and�(t) denotes the cdf of the standard
normal distribution.
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The equations of the necessary condition for local extremum of lnL(t, �) are given by:

∂ lnL
∂�

= n

(
− 1
�

+ t

�2B+ C

�3

)
= 0, (B3)

∂ lnL
∂t

= n

(
−t− 1

�
B+ �(t)

1 −�(t)

)
= 0. (B4)

Although Theorem 2 shows that the point (t∗, �̂) is the unique solution to the system
of equations (B3, B4), there is no guarantee that it is the global maximum, simply
because the above system is only a necessary condition but not the sufficient one. The
next proposition proves that (t∗, �̂) is the point of global maximum.

Proposition 1: The likelihood surface, defined by (B2) achieves its global maximum at the
unique point (t∗, �̂) defined by (B3, B4).

Proof: By definition, (t∗, �̂) is the unique solution to the necessary conditions (B3,
B4). The proof consists of two parts. In Part 1, we show that (t∗, �̂) is a point of
local maximum of lnL(t, �). In Part 2, we show that (t∗, �̂) is the point of the global
maximum.

Part 1. To show that (t∗, �̂) is a point of local maximum, we have to demonstrate that
the function lnL is locally concave at this point. For that, we need to show that the
Hessian matrixH is negative-definite at (t∗, �̂). If we ignore coefficient n, the Hessian
matrix H equals:

H =
⎛⎝ ∂2 lnL

∂2t
∂2 lnL
∂t∂�

∂2 lnL
∂t∂�

∂2 lnL
∂2�

⎞⎠ =
⎛⎝−1 + 	(	 − t) B

�2

B
�2

1
�2 − 2Bt

�3 − 3C
�4

⎞⎠ .

Indeed, −1 + 	(	 − t) < 0, which follows from Lemma 2. Also,

1
�2 − 2Bt

�3 − 3C
�4

∣∣∣∣
(t∗ ,̂�)

= 2
(

1
�̂2 − Bt∗

�̂3 − C

�̂4

)
− 1
�̂2 − C

�̂4 = (B5)

−2
n�̂

∂ lnL
∂�

∣∣∣∣
(t∗ ,̂�)

− 1
�̂2 − C

�̂4 = − 1
�̂2 − C

�̂4 < 0 , (B6)

since C is positive. Hence, according to superdiagonalization algorithm (consult
Murty, 2009, p. 446), we need to make sure that after performing Gauss-Jordan elimina-

tion of element
B

�2 in the second row, the resulting matrix will still be negative-definite.

H(t∗, �̂) →
⎛⎝−1 B

�2(1−	(	−t))
B
�2

1
�2 − 2Bt

�3 − 3C
�4

⎞⎠∣∣∣∣∣
(t∗ ,̂�)

→
⎛⎝−1 B

�2(1−	(	−t))
0 B2

�4(1−	(	−t)) + 1
�2 − 2Bt

�3 − 3C
�4

⎞⎠∣∣∣∣∣
(t∗ ,̂�)

,
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and therefore we have to prove the following inequality:

B2

�4(1 − 	(	 − t))
+ 1
�2 − 2Bt

�3 − 3C
�4

∣∣∣∣
(t∗ ,̂�)

< 0. (B7)

Taking into account (B3) and using the notation 	∗ = 	(t∗), we obtain

B2

�̂4(1−	∗(	∗−t∗))
+ 1
�̂2 − 2Bt∗

�̂3 − 3C
�̂4 = B2

�̂4(1−	∗(	∗−t∗))
− 3
n�̂

∂ lnL
∂�

∣∣∣∣
(t∗ ,̂�)

− 2
�̂2 + Bt∗

�̂3 =

= B2

�̂4(1 − 	∗(	∗ − t∗))
− 2
�̂2 + Bt∗

�̂3 .

Multiplying the last expression by positive �̂2 and recalling that �̂ = B

	∗ − t∗
(see B4),

we notice that (B7) is equivalent to

(	∗ − t∗)2

1 − 	∗(	∗ − t∗)
− 2 + t∗(	∗ − t∗) < 0 .

Since Lemma 2 states that function 1 − 	(	 − t) is positive, we can multiply the above
expression by a positive constant 1 − 	∗(	∗ − t∗) without changing its sign

(	∗ − t∗)2 − (2 − t∗(	∗ − t∗))(1 − 	∗(	∗ − t∗))

= (	∗ − t∗)2 − 2 + 2	∗(	∗ − t∗) + t∗(	∗ − t∗) − t∗	∗(	∗ − t∗)2

= −2 + (	∗ − t∗)(	∗ − t∗ + 2	∗ + t∗) − t∗	∗(	∗ − t∗)2

= −2 + 	∗(	∗ − t∗)(3 − t∗(	∗ − t∗))

= −2 − 	∗(t∗ − 	∗)(3 − t∗	∗ + t∗2) .

Therefore, we have to prove that

2 + 	∗(t∗ − 	∗)(3 − t∗	∗ + t∗2) > 0 . (B8)

Let us recall that functionG(t) from Theorem 1 can be expressed in notations of Lemma

2 as G(t) = 	

�

( 	
�

− t
)

. Therefore, taking its derivative, we have

G
′
(t) = 	3(2 + 	(t− 	)(3 − t	 + t2))

�3 .

Since 	3 > 0 by definition, �3 > 0 by Lemma 2, and G
′
(t) > 0 by Theorem 1, we con-

clude that inequality (B8) holds true. Thus, we have shown that the point (t∗, �̂),
defined by (B3, B4), is the point of a local maximum.

Part 2. Now we show that (t∗, �̂) is the point of the global maximum. Following the
approach employed by Casella and Berger (2002) for finding the maximum likelihood
estimate of a sample from the nontruncated normal distribution, let us define the
following function:

Q(�) = lnL(t� , �), such that t� = argmaxt lnL(t, �) . (B9)
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As an extremum point of lnL(t, �), t� must be a solution to the equation

∂ lnL(t, �)
∂t

= n

(
−t− 1

�
B+ �(t)

1 −�(t)

)
= 0 . (B10)

Due to Lemma 1, for any fixed � > 0 the one-variable function lnL(t, �) is globally
concave:

∂2 lnL(t, �)
∂2t

= n(−1 + �) < 0.

Therefore, for any fixed� > 0, t� is the unique solution to (B10), in which the maximum
value of lnL(t, �) is achieved. We also notice that the explicit expression for t� is
obtained from (B10) as follows:

t� = f−1(�), where � = f (t�) = B

	� − t�
, 	� = 	(t�) . (B11)

What is left to prove is that �̂ is the point of global maximum for function Q(·).

Taking the above notations into account, ignoring multiplier n and the constant

−1
2

ln(2�), (B9) can be rewritten as

Q(�) = − ln � − 1
2
t2� − t�

�
B− C

2�2 − ln(1 −�(t�)). (B12)

Now, the search of global maximum of the likelihood surface lnL(t, �) can be reduced
to the study of Q(�), the function of one variable. We are going to prove that

• Q(·) achieves its local maximum at the same point �̂ where the surface lnL(t, �)
achieves its local maximum, and

• there is only one critical point of function Q(·) .

From these statements, one will be able to deduce that �̂ is the point of global maximum
for function Q(·) . Consequently, this fact also proves the uniqueness of the global
maximum point (t∗, �̂) of function lnL(t, �).

First, we prove that �̂ is the point of a local optimum for Q(·):
dQ(�)

d�
= ∂ lnL(t, �)

∂t

∣∣∣∣
t=t�

dt�
d�

+ ∂ lnL(t, �)
∂�

∣∣∣∣
t=t�

. (B13)

Since t� is defined by (B9), then
∂ lnL(t, �)

∂t

∣∣∣∣
t=t�

= 0, and therefore

dQ(�)
d�

= − 1
�

+ Bt�
�2 + C

�3 = 0. (B14)

Now, it is clear to see that the last equation is equivalent to the system (B3, B4). Thus,
dQ(�)

d�
has only one local extremum that is achieved at the point � = �̂, and we need



638 The Journal of Risk and Insurance

to show that this is a local maximum. For that, we check the second derivative of the
function Q(·):

d2Q(�)
d2�

= 1
�2 + Bt′��2 − 2B�t�

�4 − 3C
�4 = 1

�2 − 3C
�4 + Bt′�

�2 − 2Bt�
�3 . (B15)

The derivative of the inverse function t� = f−1(�) can be found as follows:

(
f−1(�)

)′
= 1

(f (t))
′ ∣∣
t=t�

= 1(
B
	−t

)′ ∣∣∣
t=t�

= 1

B 1−	� (	�−t� )
(	�−t� )2

= (	� − t�)2

B(1 − 	�(	� − t�))
. (B16)

Thus (B15) can be restated as

d2Q(�)
d2�

= 1
�2 − 3C

�4 + (	� − t�)2

�2(1 − 	�(	� − t�))
− 2Bt�

�3 . (B17)

Let � = �̂ be the solution of (B3, B4), hence t� = t∗ and 	∗ − t∗ = B

�̂
. Then

d2Q(�)
d2�

∣∣∣∣
�=�̂

= 1
�̂2 − 3C

�̂4 + (	∗ − t∗)2

�̂2(1 − 	∗(	∗ − t∗))
− 2Bt∗

�̂3

= 1
�̂2 − 3C

�̂4 + B2

�̂4(1 − 	∗(	∗ − t∗))
− 2Bt∗

�̂3 . (B18)

As we can see, Expression (B18) coincides with (B7), which was proved to be negative.
Thus, � = �̂ indeed defines the unique local maximum of function Q(·). What is left is
to mention that the uniqueness of local extremum of a differentiable one-dimensional
function guarantees that that extremum is also the point of global optimum. �
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