
 
CASE STUDY: Fitting mixture models with CVaR constraints (ksm_cvar_ni, wcvar_ni) 

Background 

This case study demonstrates the example of fitting a mixtureof normal distributions (to the empirical 

distribution) with Conditional Value at Risk (CVaR)constraints on the mixture distribution. The initial 

approximation without constraint was obtained with the Expectation Maximization (EM) algorithm. Further 

weights of the mixture were corrected to guarantee the minimal CVaR values (estimating fatness of 

tails).CVaR distance was used to measure closeness of the mixture model to the empirical 

distribution.Minimization ofCVaR distance subject to CVaR constraints on the mixtures weights is a convex 

optimization problem. This case study minimizes average distance between distributions (CVaR0distance) 

withfourCVaRα constraints. Confidence levels of CVaR are given in the following Table 1. 

 

k Confidence Level 𝛂(𝐤) Empirical 𝐂𝐕𝐚𝐑𝛂 (𝑪𝑽𝒂𝑹𝜶(𝒌)(𝒀)) 

 1 90% 0.1115 

2 95% 0.1292 

3 99% 0.1666 

4 99.5% 0.1814 

 

Table 1. The CVaRαs of mixture model are bounded from below by 

the empirical distribution CVaR𝛼𝑠 given in column “Empirical 

CVaRα”. 

 

This case study is based on paper by Pertaia and Uryasev [1]. Paper [1] gives a detailed description of the 

optimization models and contains proofs of convexity of the problem.Materials related toCVaR distance for 

discrete distribution can be found in the paper by Pavlikov and Uryasev [2]. 
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Notations 

n = number of observations in the empirical data; 

m = number of distributions in the mixture model; 

M = maximum number of nonzero weights in the mixture; 

𝑦𝑖 = locations of atoms of empirical distribution,i = 1,…,n; 

𝑝𝑗 =weight of thej-thcumulative distribution function (CDF) in the mixture, j = 1,…,m,  𝑝𝑗 ∈ [0,1]; 

𝒑 = (𝑝1, … , 𝑝𝑚) = vector of weights (vector of optimization variables); 

𝐹𝒑(𝑦) = CDF of the mixture model with weights  𝒑 = (𝑝1, … , 𝑝𝑚) at point 𝑦 ∈ 𝑹; 

𝐹𝑛(𝑦) = empirical CDF at pointy; 

𝜇𝑖 = mean of the normal distribution; 



𝜎𝑖 = standard deviation (std. dev.) of the normal distribution; 

Φ(𝑥, 𝜇, 𝜎) = CDF of the normal distribution with mean 𝜇 and std. dev. 𝜎; 

u = number of CVaR constraints; 

𝛼(𝑘)= confidencelevel 𝛼(𝑘) ∈ [0,1), 𝑘 =  1, … , 𝑢; 

𝐶𝑉𝑎𝑅𝛼(𝑘)(𝑋𝑝) = CVaR of mixture distribution with confidence level 𝛼(𝑘); 

𝐶𝑉𝑎𝑅𝛼(𝑘)(𝑌) = CVaR of empirical distribution with confidence level 𝛼(𝑘); 

𝑑𝛼(𝐹𝑛, 𝐹𝑝) = 𝐶𝑉𝑎𝑅𝛼 distance between  𝐹𝑛 and 𝐹𝑝 weighted by uniform distribution as defined in [1]. 

 

 

 

 

 
Optimization Problem1 

Minimizingthe 𝐶𝑉𝑎𝑅𝛼 distance between empirical CDF and mixture CDF 

min
𝒑

      𝑑𝛼(𝐹𝑛, 𝐹𝑝) 

subject to 

𝒑𝑇𝟏 = 1        

𝐶𝑉𝑎𝑅𝛼(𝑘)(𝑋𝑝) ≥  𝐶𝑉𝑎𝑅𝛼(𝑘)(𝑌) ,       𝑘 = 1, … , 𝑢 

𝒑 ≥ 0 

The values of 𝛼(𝑘) and 𝐶𝑉𝑎𝑅𝛼(𝑘)(𝑌)are given in Table 1. 

 

 

Optimization Problem2 (with cardinality constraint) 

Minimizing the 𝐶𝑉𝑎𝑅𝛼 distance between empirical CDF and mixture CDF with cardinality constraint 

min
𝒑

        𝑑𝛼(𝐹𝑛, 𝐹𝑝) 

subject to        

           𝒑𝑇𝟏 = 1 

𝑝𝑗 ≤ 𝑟𝑗,      𝑗 = 1, … , 𝑚 

∑ 𝑟𝑖

𝑚

𝑖=1

≤ M 

𝐶𝑉𝑎𝑅𝛼(𝑘)(𝑋𝑝) ≥  𝐶𝑉𝑎𝑅𝛼(𝑘)(𝑌) ,       𝑘 = 1, … , 𝑢 

𝒑 ≥ 0 

 

 

 


