
 

CASE STUDY: Minimization of Kantorovich-Rubinstein Distance between Two Distributions of Atoms 

in Euclidean Space (linear, sqrt_quadratic) 

 

Background 

 

This case study presents numerical algorithm for approximation of discrete distribution in k-dimension space by 

some other discrete distribution with a smaller number of atoms. The approximation is done with the Kantorovich-

Rubinstein distance between distributions. The case study is described in Kuzmenko and Uryasev [1]. 

 

Kantorovich–Rubinstein distance was defined in 1958 [2]. This distance is closely related with the general 

continuous transportation problem on a compact metric space, which was formulated in Kantorovich’s paper in 

1942 [3]. Kantorovich established a relation to Monge’s problem of excavations and embankments (transportation 

problem in Euclidean space) [4].  

 

Positions and probabilities of atoms of the approximating distribution are variables of the optimization problem. 

The algorithm is based on a consecutive solution of a sequence of optimization problems reducing the distance 

between distributions. The initial positions of atoms in the approximating distribution are chosen by solving k-

means clustering problem. One iteration of the approximation algorithm solves two optimization problems. The 

first problem changes position of atoms of the approximating distribution by finding a minimal sum of distances 

between atoms. The second problem finds a nearest atom of the approximating (variable) distribution for every 

atom of the fixed (target) distribution (i.e., this problem links atoms of two distributions). The iteration process 

stops when the sum of distances achieves a minimum value (i.e., the distance stops changing). 

 

This case study is implemented in MATLAB environment. The MATLAB code reads initial data, generates an 

initial approximating solution, organizes cycles, prepares and modifies data for Optimization Problems 1 and 2. 

Problem 1 is solved with Portfolio Safeguard (PSG) called from MATLAB. One instance of Problems 1 is 

exported to text files and  it is demonstrated how it can be solved in the Run-Files environment.  

 

PSG Lp-norm function can be used to calculate distance between atoms in a multidimensional case. In this case 

study we have used Euclidian distance, which was calculated with the PSG function Sqrt_qudratic.  
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Notations 

𝑚 = number of atoms in the target distribution; 

𝑛 = number of atoms in the approximating distribution, 𝑛 < 𝑚; 

𝑌 = {�⃗�1, … , �⃗�𝑚} = positions of atoms in the target distribution, �⃗�𝑗 ∈ 𝑅𝑘, 𝑗 = 1, … 𝑚; 



 

�⃗� = {𝑞1, … , 𝑞𝑚} = vector of probabilities of atoms in the target distribution; 

𝑋 = {�⃗�1, … , �⃗�𝑛} = positions of atoms in the approximating (variable) distribution, �⃗�𝑖 ∈ 𝑅𝑘, 𝑖 = 1, … 𝑛; 

𝑝 = (𝑝1, … , 𝑝𝑛) = vector of probabilities of atoms in the approximating (variable) distribution; 

𝑑𝑖𝑠𝑡(�⃗�𝑖, �⃗�𝑗) = √∑ |𝑥𝑖𝑙 − 𝑦𝑗𝑙|
𝑝𝑘

𝑙=1

𝑝

, 𝑝 > 0 = 𝑙𝑝–norm = the distance between position �⃗�𝑖 and �⃗�𝑗. The case 𝑝 = 2 

corresponds to the Euclidian norm, which is used in this case study. 

 

The positions and probabilities of atoms of the approximating distribution with the smallest Kantorovich-

Rubenstein distance to the target distribution is found by solving the following optimization problem, 

min
𝑥𝑖,𝑤𝑖𝑗

∑ ∑  𝑑𝑖𝑠𝑡(�⃗�𝑖, �⃗�𝑗) 𝑤𝑖𝑗

𝑚

𝑗=1

𝑛

𝑖=1

                                                                  (1) 

                                                        subject to 

∑ 𝑤𝑖𝑗

𝑛

𝑖=1

= 𝑞𝑗,   𝑗 = 1, … 𝑚,                                                                        (2) 

𝑤𝑖𝑗 ≥ 0,   𝑗 = 1, … 𝑚,  𝑖 = 1, … 𝑛.                                                        (3) 

 

Suppose that �⃗�𝑖
∗, 𝑤𝑖𝑗

∗ , 𝑖 = 1, … 𝑛, 𝑗 = 1, … 𝑚, is an optimal solution of problem (1)-(3). The optimal probabilities 

of the approximating distribution are equal to  𝑝𝑖
∗ = ∑ 𝑤𝑖𝑗

∗𝑚
𝑗=1  , 𝑖 = 1, … 𝑛 . 

 

The algorithm solves in a cycle the following pair of optimization problems.   

 

 

Optimization Problem 1 (with fixed 𝑤𝑖𝑗) 

 

min
𝑥𝑖

∑ ∑ 𝑑𝑖𝑠𝑡(�⃗�𝑖 , �⃗�𝑗)𝑤𝑖𝑗

𝑚

𝑗=1

𝑛
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,                                                                         

 

 

Optimization Problem 2 

min
𝑤𝑖𝑗

∑ ∑ 𝑐𝑖𝑗𝑤𝑖𝑗

𝑚

𝑗=1

𝑛

𝑖=1

                                                                                          

                                  subject to 



 

∑ 𝑤𝑖𝑗

𝑛

𝑖=1

= 𝑞𝑗 ,   𝑗 = 1, … 𝑚,                                                                             

𝑤𝑖𝑗 ≥ 0,   𝑗 = 1, … 𝑚,  𝑖 = 1, … 𝑛.                                                                                                                       

 

                                        where  𝑐𝑖𝑗 = 𝑑𝑖𝑠𝑡(�⃗�𝑖, �⃗�𝑗) for the fixed �⃗�𝑖. 

 

 

 

 

 


