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Abstract
The paper considers optimization algorithms for location planning, which
specifies positions of facilities providing demanded services. Examples of facilities include hospitals, restaurants, ambulances, retail and grocery stores, schools,
and fire stations. We reduced the initial problem to approximation of a discrete
distribution with a large number of atoms by some other discrete distribution
with a smaller number of atoms. The approximation is done by minimizing the
Kantorovich-Rubinstein distance between distributions. Positions and probabilities of atoms of the approximating distribution are optimized. The algorithm
solves a sequence of optimization problems reducing the distance between distributions. We conducted a case study using Portfolio Safeguard (PSG) optimization
package in MATLAB environment.
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Introduction

An optimal location of facilities is an important part of supply chain planning. Various approaches are available for this problem, see for instance [9]. The location of
facilities defines the chain structure and flow of goods through a chain. The location
depends on a type of goods shipped in the chain [17]. If demands of customers are fixed,
then the location problem can be reduced to an approximation of one discrete probability distribution with a large number of atoms (customers) by some other discrete
distribution with a smaller number of atoms (facilities).
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1 INTRODUCTION
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An approximation of a distribution by some other distribution is a popular topic
in academic literate, see for instance [19]. Various metrics measuring distance between
distributions are used in probability and risk theory, including the Kolmogorov, Levy,
Lp metrics (see Rachev et al [20]) and other metrics [4]. A new CVaR distance between
distributions is used in Pavlikov and Uryasev [18].
This paper considers Kantorovich-Rubinstein metric [12]. It is closely related with
a continuous transportation problem on a compact metric space, which was first formulated by Kantorovich [10] in 1942 and further developed in [13]. Kantorovich associated this problem with the excavation and embankment Monge problem, which is
a transportation problem on a Euclidean plane [11]. The history of the KantorovichRubinstein metric is discussed in Vershik [21]. A brief survey of recent applications of
the Kantorovich-Rubinstein metric in computer scienceis is in [6].
On the other hand, the Kantorovich-Rubinstein metric for finite discrete distributions is related to the k -clustering problem, see [15]. A distance function is important for
defining a problem and for solution methods [22]. Depending on the distance function
and usage, the k -clustering problem is called k -median, k -medoids, k -means, k -center
problem, see for instance [7]. The k -clustering problem is NP-hard, therefore various
heuristics were developed, see [16] for the k -median problem.
Approximate algorithms and guaranteed estimates of solutions are based on metric
in a point space. This paper minimizes the weighted sum of distances between points
and centers - every distance is multiplied by a probability of a point. Such objective does not allow for direct using of the triangle inequality. Recent papers consider
approximate algorithms when the triangle inequality for a metric does not hold [2].
Also, several papers considered k -median clustering for a weighted set of points [3] or
weighted distance [14], which is similar to the problem in this paper.
The considered problem can be classified as a k -median problem with a weighted
distance and continues positions for k centers. This classification reveals relation between clustering problem, location planning, and approximation of a distribution. We
used a distribution approximation approach for the location optimization in supply
chain planning.
This paper proposes an algorithm for an approximate solving of an un-capacitated
location problem when distance function is defined in multidimensional space by lp norm and location of objects is continues. In this case, the problem may be normalized
by dividing transportation variables by a sum of consumptions and can be reduced to
the minimization of Kantorovich-Rubinstein distance.
Below we define the Kantorovich-Rubinstein metric for a discrete finite distribution
and formulate the problem of approximation of one multivariate distribution by another
one. We propose an approximation algorithm minimizing the Kantorovich-Rubinstein
metric. We solve several test problems for the Euclidean distance and placed the case
study codes, data and calculation results to web (see section 5).
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3

Kantorovich-Rubinstein metric

Further we define the Kantorovich-Rubinstein metric for two finite multidimensional
discrete distributions. Let X, Y be discrete random vectors with atoms {x1 , ..., xn },
{y1 , ..., ym } and corresponding probabilities {p1 , ..., pn }, {q1 , ..., qm }. Let cij be a nonnegative distance between points xi and yj . The Kantorovich-Rubinstein metric between
distributions is defined as an optimal value of the following transportation problem,
D(X, Y ) = min
wij

n X
m
X

cij wij

(1)

i=1 j=1

subject to
m
X

wij = pi , i = 1, ..., n,

(2)

wij = qj , j = 1, ..., m,

(3)

j=1
n
X
i=1

wij ≥ 0, i = 1, ..., n, j = 1, ..., m.

(4)

According to the location terminology, problem (1-4) corresponds to the transportation part of a location-allocation problem. Values pi and qj are normalized supplies and
demands, and variables wij are normalized transportation volumes.
Objective (1) is the total transportation cost in a normalized transportation model.
Constraints (2), (3) describe a balance between supply and consumption. These
constraints imply
n
m
X
X
pi =
qj .
i=1

j=1

Therefore, the system of linear equations (2), (3) is consistent but it is not independent.
So, one equation can be removed from this system or one system of equalities (2) or
(3) can be replaced by inequalities, for example,
m
X

wij ≤ pi , i = 1, ..., n .

j=1

These properties provide some flexibility in formulation of the transportation problem.

3

Approximation of a Multivariate Distribution

Let us consider two k-dimensional multivariate probability distributions. We suppose that a random vector Y~ ∈ Rk is discretely distributed with fixed atoms ~y1 , ..., ~ym
and probabilities q1 , ..., qm . Every atom j is a k-dimension vector ~yj = (yj1 , ..., yjk ). We
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~
want to approximate this random vector Y~ by some other discrete random vector X
with atoms ~x1 , . . . , ~xn , and probabilities p1 , . . . , pn , where n < m. Every atom i is defined by a vector ~xi = (xi1 , ..., xik ). Coordinates, xil , and probabilities, pi , are variables
~ with the
of the approximation problem. Positions of atoms of the random variable X
smallest Kantorovich-Rubinstein distance to Y~ can be found by solving the following
optimization problem,
min

~
xi ,wij

n X
m
X

dist(~xi , ~yj )wij

(5)

wij = qj , j = 1, ..., m,

(6)

i=1 j=1

subject to
n
X
i=1

wij ≥ 0, i = 1, ..., n, j = 1, ..., m.

(7)

With the location terminology, this problem finds locations of points ~xi in k-dimensional
space and transportation volumes wij to consumers with demands qj . This is an uncapacitated allocation problem in k-dimensional space without fixed costs of location.
∗
, i = 1, ..., n, j =
Supply volumes are defined after solving the problem (5-7). Let ~x∗i , wij
1, ..., m, be an optimal solution vector of the problem
(5-7). For the optimal locations
P
∗
w
~x∗i , the optimal probabilities are equal to p∗i = m
j=1 ij , i = 1, ..., n.
Usually, lp norm is used to define the distance between points in function (5),
v
u k
uX
p
|xil − yjl |p , p ≥ 1.
dist(~xi , ~yj ) = t
l=1

The case p=2 corresponds to the Euclidian norm.

4

Algorithm for Distribution Approximation

~
This section describes the algorithm for finding an approximating random vector X
for the random vector Y~ , as described in the previous section. The algorithm includes
two stages. Stage 1 finds an initial approximation for the following Stage 2.
Stage 1. We consider the problem (5-7) with the assumption that points ~xi are
located only at points ~yj . This problem is further formulated as a mixed-integer optimization problem with a cardinality constraint (the number of positive pi in an optimal
solution should not exceed n):
min

δi ,wij

m X
m
X
i=1 j=1

dist(~xi , ~yj )wij

(8)
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subject to
m
X

wij = qj , j = 1, ..., m,

(9)

wij ≤ δi , i = 1, ..., m,

(10)

i=1
m
X
j=1
m
X

δi ≤ n,

(11)

j=1

wij ≥ 0, j = 1, ..., m,

δi ∈ {0, 1}, i = 1, ..., m.

(12)

Problem (8-12) provides an initial approximation for the problem (5-7). We consider
only n vectors ~xi with δi = 1 and start with a feasible solution of the problem (5-7).
δi are technical Boolean variables for formulating cardinality constraint (11) on the
number of positive pi .
Stage 2. Further, problem (5-7) is approximately solved with a sequence of pairs
of optimization problems. Solving of every pair of sub-problems decreases the distance between the fixed and the approximating distributions. We stop iterating pairs
of sub-problems when the distance stops decreasing. Further we formulate these two
sub-problems.
Optimization Problem 1
min

n X
m
X

~
xi

dist(~xi , ~yj )wij .

(13)

i=1 j=1

Optimization Problem 2
min
wij

n X
m
X

dist(~xi , ~yj )wij

(14)

wij = qj , j = 1, ..., m ,

(15)

i=1 j=1

subject to
n
X
i=1

wij ≥ 0, i = 1, ..., n, j = 1, ..., m .

(16)

The first sub-problem (13) changes positions of n vectors ~xi while keeping the fixed
values wij . This problem is known as a Weber problem [8]. The second problem (14-16)
changes values wij for the obtained fixed positions ~xi .
Solving pairs of these sub-problems in cycle monotonically decreases objective function of initial problem (5-7): 1) both sub-problems have the same objective; 2) the
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distance is decreased by every solved sub-problem; 3) the solution point of one subproblem is used as an initial point of the following sub-problem.
The described optimization process stops after a finite number of steps. This follows
from the fact that an optimal vector wij of the problem (14-16) has the following
property: for every j = 1, ..., m there exist an index ij such that wij j = qj and wij = 0
for i 6= ij . Because the number of such combinations of values wij is finite and process
monotonically decreases the objective function, the optimization process will stop after
a final number of steps.

5

Case Study

Data, codes, and solutions for this case study are posted at this link1 . We solved
several test problems with different space dimension k. This case study reports calculations results with k = 2. For this two-dimensional case we used the Euclidian
norm,
q
dist(~xi , ~yj ) =

(xi1 − yj1 )2 + (xi2 − yj2 )2 .

(17)

Further we present one solved problem. We select the number of fixed and the number
of approximating atoms and simulate coordinates of the fixed atoms.
In the considered example, the vector Y~ has 100 equally probable atoms. The
~ has 10 atoms. Table 1 presents coordinates of approximating
approximating vector X
atoms and sum of probabilities of “attached” fixed atoms. Approximating atoms in the
table are ordered by vertical coordinate of the points. A special feature of this example
is that the fixed points are not “normally” distributed and exhibit some “heavy tail”
behavior. Figure 1 graphically presents the dataset and solution. Bold black criss~ Atoms of Y~ “attached” to
crosses show atoms of the approximating random vector X.
a criss-cross have the same color. Axes of the graph are rescaled to improve clarity of the
image. The highest green point in the graph coincides with an individual approximating
point. Table 1 shows that the highest in the graph approximating point with ID=1 has
“attached” probability 0.01, i.e., only one point of the fixed distribution is “attached”
(“transported”) to this ID=1 point. The approximating point with ID=2 approximates
three “red” points and with ID=3 three “pink” points, see Table 1 and Figure 1.
The case study is done in MATLAB environment. The MATLAB code reads initial
data, obtains an initial approximating solution, organizes cycles, prepares and modifies
data for Optimization Problems 1 and 2. kmeans MATLAB standard function is used
to get an initial approximating solution. This function finds centroid seeds for k-means
clustering [5]. Optimization Problem 1, see (13), is modified on every step and is solved
by Portfolio Safeguar (PSG) optimization package [1] called from the MATLAB code.
PSG has different precoded functions, including the Square Root Quadratic function
1

http://www.ise.ufl.edu/uryasev/research/testproblems/advanced-statistics/approximation-ofa-discrete-distribution-by-some-other-discrete-distribution-in-euclidean-space-by-minimizing-k-rdistance/
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Figure 1: The random vector Y~ with 100 equally probable atoms (colored dots) is
~ with 10 atoms (crosses).
approximated by the random vector X
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Table 1: Optimal Probabilities and Positions of Approximating Atoms
Approximating Attached
Horizontal
Vertical
Atom ID
Probability Coordinate Coordinate
1
0.01
1.939
8.188
2
0.03
1.921
6.602
3
0.03
1.948
6.105
4
0.10
1.756
4.740
5
0.13
1.745
4.179
6
0.07
1.606
3.865
7
0.12
1.751
3.467
8
0.16
1.723
2.995
9
0.20
1.621
2.526
10
0.15
1.575
2.171
called sqrt quadratic. For every pair i, j, the sqrt quadratic function calculates
distance (17). Further we provide beginning and ending parts of Problem Statement
generated by MATLAB code for one instance of problem (13) for solving this problem
by PSG. MATLAB code generates such Problem Statement and matrices matrix i j
using solution of problem (14-16) and packs them into input structures for PSG. Here
we present one instance of the problem in Text (RunFile Environment). So it is possible to solve just this individual problem without understanding how MATLAB code
is organized. This problem with data is placed separately at the case study webpage
(in addition to the MATLAB code, which generates and solves many similar problems).
minimize
0.01*sqrt quadratic(matrix 1 10)
+0.01*sqrt quadratic(matrix 1 15)
+0.01*sqrt quadratic(matrix 2 1)
+0.01*sqrt quadratic(matrix 2 26)
+0.01*sqrt quadratic(matrix 3 3)
+0.01*sqrt quadratic(matrix 3 29)
+0.01*sqrt quadratic(matrix 4 2)
+0.01*sqrt quadratic(matrix 4 9)
+0.01*sqrt quadratic(matrix 5 8)
.............................
+0.01*sqrt quadratic(matrix 10 100)
Solver: van, init point = point initial x
This Problem Statement minimizes the sum of the norms (17) with coefficients wij
obtained after solving problem (14-16). Every row in the Problem Statement contains
a sqrt quadratic function, which calculates the norm with a non zero coefficient,
wij . In this Problem Statement wij = 0.01 for included functions (terms with wij = 0
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are skipped from the sum). Every sqrt quadratic function is defined by the matrix
matrix i j. The first row of the matrix matrix i j contains names of the optimization
variables xi1 , xi2 . The vector ~yj = {yi1 , yi2 }, which is the position of atom j, defines the
elements of the matrix. Variables of the optimization problem are not listed separately
in the PSG code. Every function has a set of variables and the solver assembles the
optimization problem using the functions included in the analytic problem statement.
Van is one of PSG optimization solvers. The vector point initial x contains an
initial point (which is an optimal point of the previously solved problem (13) or an
initial approximating point).
Optimization Problem 2 (14)-(16)) is solved with standard MATLAB capabilities:
for every j = 1, ..., m, a nearest ij is found with formula: ij = argmins=1,...,n dist(~xs , ~yj ).
Then, Problem 2 solution vector equals: wij j = qj and wij = 0 for i 6= ij , j = 1, ..., m.

6

Conclusion

The proposed new approach for the location problem finds coordinates and capacities of “servers” in a multidimensional space with distance function defined by metric
in this space. We considered an uncapacitated location problem when transportation
cost is the main factor for formulation of the objective function. The aim of this paper
to show that numerical approaches from probability theory can be used for some types
of location and supply chain problems. The proposed algorithm includes two parts: 1)
initial approximation; 2) two-step cycling procedure for finding a local minimum of the
optimization problem. We implemented and tested the algorithm with several problem
instances. One instance of the problem (codes, data, and calculation results) are posted
at web and are available for benchmarking. Further research in this area will be focused
on solving capacitated location problems and on theoretical precision bounds.
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